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TO DELIVER YOU'PKOM THft PREUMimBY 

TEERQES..' 

This preliminaa?}r terror, which chokes off most fifth- 
form boys from even attempting to learn how to 
calculate, can h® abolished once for all by simply stating 
what is the meaning—in commoit-sense terms—Kif the 
two principal Symbols that are used in calculating. 

These dreadful symjxils are: 

(1) d which merely means little bit of.” 

Thus dx means a little bit of Xy or dii means a 
little bit of u Ordinary mathematicians think it 
mSfe'|)olit^to say'‘an element of,” instead of “ a little 
bit of” Just aS you please. But you will find that 
these little bits (or elements) may beiionsidered to be 
indehnitely small 

(2) j . which IS merely a long S, aipd majf be^called 
{if you like) “ the sum of.” 

dx means the sum of all the little bits 

of Xt or Icff means the supi of all the little bits, 
of Ordinary mathejnaticians call this symbol “ thej 

/•f O.M.X. 
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integral Kow^ anj» fool eAn see that if up is 
consid^re^ "as made up of a lo|Jpi|Adittle ^its, eacli of 
whiciais called dsG, if you all up together 

you get tbe sum of ieSII the ^fwhich ik the same 
thing as the^hole of a?). ** ibtegnd ” simply 

means “ the whola" * If you %i i^ of tha^uration 
of time for one hour, you niM||n you like) tKink of 
it as cut up into f3600 little I^H|dled second^ The 
whole of the 3600 little bits SffiRfcUp together make 
oiie hour. 

.WJien*yc^ ^e on expresslon^flu^ begins with this 
terrifying symbol, you will heUC^^Cttih know that it 
is put there merely to give you4n^4i())r<^ione that you 
are now to perform the operation" {it ydn can) of 
totalling up all the little bits fhat pfn, iltdicated by 
thejsymbols that follow. 


That’s all. 



ampTER m 

ON DlFFERElSlflB^ESES OF BMALLNFJSS. 


We dhall find i;h(#4^our processes of calculation a/rc 
have to deal with tn^j^ll quantities of various de^rrees 
of smallnoss. ^ * 

We shall under what circumstances 

we may,^|(|^<i|^^0|mall quantities to be so minute 
that we them from consideration. Every¬ 

thing depeitd^’ WUii irelative minuteness. 

BeTdlS^^1?^^i^^3Sfy rules let us think of some 
fciiniliar cases^ There are 60 minutes in the hour, 
24 hours in the day, 7 days in the week. There are 
th3^e|ore Wf40 ijiimutes in the day and 10080 minutes 
in the week. 




fciiniliar caseSa 


Obviously 1 minute is a very snfhll quantity of 
time compared with a whole week. Indeed, our 
forefathers considered ft small as comparet^ with an 
hour, and called it *‘bno miniite," meaning a minute 
fraction—namely one sixtieth—of an hour. When 
they came to require still smaller subdivisions of time, 
they divided each minute into 60 still smaller parts, 
wdiich, in Queen Elizabeth’s days, they called “ secopd' 
minutes ” (i.e., small qj^antities of the*hecond order of 
minuteness). Nowadays we call these small quantities 
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0 

of the second order of Atiallness “ seconds.” But-few 
people know why they are so called, 

No^ if one minute^ is so small as compared with a 
whole day^ how much smaller by comparison is one 
second! 

Again, think of a farthing as compared with a sove¬ 
reign : it is worth only a liftle more than p^rt. 
A farthing more or less iff of precious little importance 
compared with a sovereign: it may certainly be re¬ 
garded 08 a sTTiall quantity. But compare a farthing 
wjth £1,006: •relatively to this greater sum, the 
farthing is of no inpre importance than of a 

farthing would be to a sovereign. Even a golden 
sovereign is relatively a negligible quantity in the 
wealth of a millionaire, • 

l^ow if we lix upon any numerical fraction as 
constituting the proportion Which for any purpose 
we call relatively ^small, we can easily state other 
fractions of a higher degree of smallness Thus^lf, 
for the purpose of time, ^ be called a small fraction, 
then gV of (being a small fraction of a small 
fraction) may be regarded as a small quantity of tlis 
second order of smallness.* 

Or, ii for any purpose we were to take 1 per cent. 
^ ^ small fraction, then 1 per cent, of 
1 per c6nt would be a small fraction 

of the second order of smallness; and a would 

1 f U U U* V U U 

• i. *’ 

* * The mathemaU^aai talk about the aeoond order of magnitude ** 
{%.€. ^reatnees) when they really meap eeoond order of amaUneu. 
This IS very oonfuiug to oegimien. 
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• A' 

be 9 , small fraction of the tbird order of smallness, 
being 1 per cent, of 1 per cent.-of 1 per cen^ 

Lastly, suppose that for some very precise pMtpose 

we should regard YToToToons “small.” •Thus, if a 
first-rate chrondmeter is not to lose or ga^ more than 
half a minute in a year, it must Jceep time with an 
accuracy of 1 part in 1,051,200. Now if, for such a 
purpose, we regard millionth) as a 

small quantity, then'i-,-„T5;5oo TTFTbTooo- 

i;ir57.ooo.otoVooo- (or one billionth) will be a small 
quantity of the second order of smallness, and may 

be utterly disregarded, by comparison. * • 

Jee that the smaller lamall quantity itself 
is, the more negligible does the corresponding small 
quantity of the second order become. Hence we 
know that in aU cases we c^e j%is^ijied in neglecting 
the small quantities of the second —or thi/rd* (or 
liigher)— orders, if only we take the small quantity 
of the first order small enough in Itself. 

it must be remembered that small quantities, 
if they occur in our expressions as factors multiplied 
by some other factor, may become ftnportant if the 
other factor is itself large. Even a farthing becomes 
important^if only it is Jhultiplied by a few Ijun^red. 

Now in the calculhs we write dx for a little bit 
of X. These things such as dx, and du, anjjl dg, are 
called “differentials,” the difFerentit^f of x, or of u,. 
or of y, as the case may he, [You read them aa 
dee~eks, or dee~you, or dee^top.] If ffb be a small bif 
of X, and relatively sipall of itself, it*does not follow 
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that such quantities or x^dx, or a^dx^&re 

negligible. But dxxdx would be negligible, being a 
small quantity of the second order. 

A very simple example will serve as illustration. 

Let us think of as a quantity that can grow by 
a small amount sa as to become x+dXy where dx is 
the small increment added <by growth. The square 
of this is 2a7‘C^4-(<Lr)*. The second term is 
not negligible because it is a first-order quantity; 
while the third tenn is of the second order of small¬ 
ness, being ^a hit of a bit of x. Thus if we took 
dx to moan numerically, say, second 

term -would be of wliercas the third term would 
be ^ ^ of x\ This last term is clearly less important 

than the second. But if we go further and take 
dx to mean only ^he secohd term 

will* be ijfoff of x\ while the third term will be 

1,0 0 0 uoo , 

X‘ 


X 


Fio. 1. 

Geometrically this may be depicted as follows: 
Draw a square (Fig. 1) the side of which we will 
take to reprcsqjit x. I^iow suppose the square to 
grow by having a bit dx added to its size ^ch 
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way. The enlarged square made up of the origmal 
•square the two rectangles'at the top md on the 
right, each of which is of aipa wdx (or td^ether 
2 j 7 • dx), and the little square at the top*tight-hand 
corner which is (dx)\ In Fig. 2 we havevtaken (kc as 


X dx 



Fig. 2. Fig. 8. 

quite a big fraction of x —about -J-. Bui suppose we 
had taken it only -j-Jtj-— about the thickness of an 
inlved line drawn with a fine j^en. Then the^little 
cwner sqwe will liave an area of only — of a?®, 
and px’actically in\ isiblc Clearly (dx)^ is negligible 
if only we consider the increment to be itself 
small enough. 

Let us consider a sii%ile. 

Suppose! a inillionaite were to say»to his* secfetary; 
next week I will give you a small fraction of any 
money tliat comes in to me. Suppose that the 
secretary were to say to his boy: I will give you a 
small fraction of what I gqt. Suppose the fraction 
in each case to be part. Now ii& Mr. Millionrfirfi 
received during the ifext week £1000, the secretary 
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, .-would receive £10 anS the boy 2 shillinga ’Ten 
pounds would be a small quantity compared with 
£100(f; but two shillings is a small small quantity 
indeed, of *a very secondary order, ^ut what would 
bo the dispc'oportion if the fraction, instead of being 
had been settled at part? Then, while 

Mr. Millionaire got his £lO00, Mr. Secretary would 
get only £1, and the boy'less than one farthing! 

The witty Dean Swift * once wrote: 

“ So, Nat’ralists observe, a Flea 
• “ liatH smaller Fleas that on him prey. 

“And these have smaller Fleas to bite 'em, 

“And 80 proceed ad injinitumy 

An ox might worry about a flea of ordinary 
size—a small creature of tlie fifst order of smallness. 
But. he would probably not trouble himself about a 
flea’s flea; being of the second order of smallness, it 
would be negligible. Even a gross of fleas’ fleas 
would not bo of much account to the ox. 


* On Poetry; a Rh^ipoody (p. 20), printed 1733-~U8ually misquoted. 



CHAPTER- III. 

ON KELATIVE GROWINGS. 

» 

All through the calculus we are dealing with quan¬ 
tities that are growing, and with ratc3 of growth. 
We classify all quantities into two dassesi coiiMiUiifs 
and variables. Those which ve regard as of fixed 
value, and call constants, we generally denote alge¬ 
braically by letters froni the beginning of the 
alphabet, such as cp* h, or c; while those which we 
consider as capable of growing, or (as mathematicians 
say) of “ varying,” we denote by letters from the end 
of the alphabet, such as jc, y, z, or sometimes f. 

•tJMoreo'S 5 i‘r, we are usually dealing with more than 
one Variable at once, and thinking of the way in 
which one variable depends on the oyier :*for instance, 
we think of the way in which the height reached 
by a projectile depend® on tlie time of attaining that 
height. 0r, we are #asked to consider a rect^gle <»f 
given area, and to enquire how any increase in the 
length of it will compel a con’esponding dtoease in 
the breadth of it. Or, we think of the way in which 
any variation in the slope qf a ladder will cause tlie 
height that it reaches, to vary. 

Suppose we have* got two such variables that 
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depend one on the other/ An alteration in one will 
bring |ibout an alteration in the other, because of this 
dependence.^ Let us caJl one of the yariables Xt and 
the other that depends on it y. 

Suppose make 4 ? to vary, that is to say, we 
either alter it or imiagine it’ to be altered, by adding 
to it a bit which we call dx. Wc are thus causing x 
to become x-\-dx. Then, because x has been altered, 
7/ wjll have altered also, and will have become y-^rdy. 
Hero the bit dy may be in st'me cases positive, in 
others negative f and it won’t (except very rarely) be 
* the same size as dx. 

Take iwo examples. 

(1) Let X and y be respectivcjy tlie base and the 
height of a right-angled triangle (Fig. 4), oF wdiich 



the elope of the other side is fixed at 30®. If w€ 
suppose ftiis triangle to expand and yet keep its 
angles the same as at first, then, when the base grows 
so as to become ^-{-dXy .the height becomes y+dy. 
dere, increasing a? results in an increase of y. The 
little tl'iangle, the height of whfeh is dy^ and the base 
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of which is dx, is sinxilj^r^to^e original ti'iangle; and 

it is obvious that the value of the rationis the 

dss> 


same as that of the ratio ** AvS the angle is 30° it 
will be seen that here ^ 


dy__ 1 _ ‘ 1 ) ^ ^ 

173' • 


(2) Let X represent, in Fig 5, the horizontal dis¬ 
tance, from a wall, of the bottom end of a ladder, 



ABy of fixed length; and let y J>e the h^ght it 
readies up the wall. Now y dearly depends on ir 
It is easy to see that, if we pull the bottoim end A a 
bit further from the wall, the top end B will come 
doTvn a little lower. Let us state this in scientific 
language. If we increase x to x+^x, then y will 
l:]jBc‘ome y’-dy; that*18, when x receives a positive 
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increment, the incremeilt which results to is 
negative. , 

Yes* ^ut how much ? Suppose the ladder was so 
long that when the bottom end A was 19 inches from 
the wall the^top end B readied just iS feet from the 
ground. Now, if you'were to pull the bottom end 
out 1 inch more, how much ^ould the top end come 
down? Put it all into indies: £t?=19 inches, // = ]80 
inches. Now the increment of x which we call dXy 
is l*inch: or x+(lx — 20 inches 

How mycl^ will y be diminished ? The new heiglit 
, will be y^di/. If we^work out the height by Euclid 
I. 47, then we shall be able to find how ipuch dy will 
be. The length of the ladder is 

= ISr inches. 

Clearly then, the new height, which is y^dy^ will be 
such that 

(y - dyf =(181 y - (20)2 ^32761-- 400 = 32361, 

= ^32^ =179-89 inches. 

Now y is 180, so that dy is 180 — 179-89 = 0*11 inch. 

So we see that making dx an increase of 1 inch 
has resulted in making dy a decrease of 011 inch. 

And l^he ratio of dy to dx may be stated Urns: 

dy^_^l 
dx 1 

It is also easy to see that (except in one particular 
position) dy will be of a d^ifferent size from dx. 

• Now right tljrough the differential calculus we 
are hunting, hunting, hunting •for a curious thing, 
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a mere ratio, namely, the proportion which dy 
bears to dx when, both of* them are indefi/iitely 
small. 

It should b^ noted here that we can only find 

da « 

this ratio when y and x are related to each 

other in some way, so that whenever x varies y does 
vary also. For instance, hi the first example just 
taken, if the base x of the triangle be made longer, 
the height y of the triangle becomes greater also, 
and in the second example, if the dfstahc^ x of the 
foot of the ladder from the wall be made to increase, 
the height y reached by the ladder decreases in a 
corresponding manner, slowly at first, but more and 
more rapidly as x Becomes greater. In these cases 
the relation between x and y is perfectly definite, 


it can be expressed mathematically, being - =tan30“ 

X 

and (where I is the length of the ladder) 

respectively, and has the meani^ig we found in 
each case. 

If, while X is, as before, the distance of the foot 
of the ladder from,., the wall, y iSj instbad *of the 
height reached, the horizontal length of the wall, or 
the number of bricks in it, or the number'of years 
since it was built, any change in x would naturally 

cause no change whatever in y ; in' this case ^ has 

no meaning whatever^ and it is not possible to find 
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4 * ft 

an expressiOTfor it. Whenever we use differentials 
dx, dZf etc., the existence of some kind of 
relation between a?, y, z, etc., is im 

— lira II h ii f i T -* .. »■!>■ «PM» VM. w«« ^ 'A b 

relation is called a " function in y, z, etc ; the 
two expresidons given above, for instance, namely 

•' =tan30° and — as*e functions of x and y, 

X 

Such expressions <|i|||^in'implicitly (that is, contain 
without distinctly imowing rt^ihe means of expressing 
either x in terms of y or y m terms of a?, and for 
this reas6n *they are called implicit functiovs in 
X and y; they can btf^ respectively put into the forms 


plied, and this 


and . 


y=sa?tan30^l^r 
y=\/P—x^ or 


*7tanW 


* 


Those last expressions state explicitly (that is, dis¬ 
tinctly) the value of* x in terms of y, or of y in terms 
of X, and they are for this reason called ea^lidt 
fwncftons of x or y. For example x^-\-3 — 2y — 7 is 
an implicit fundtion in x and y; it may be written 

?/ = ^ (explicit function ^f x) or x = 2 y —10 

C «, .. • • . 

(explicit function of y). We hee that an explicit 
function ^in x, y, 2, etc., is simply something the 
value of which changes when x, //, s, etc., are 
changing, either one at the time or several together. 
IJecause of this, the valde of the explicit function is 
called .the depende^it variable^ as it depends on« the 
value of the other variable quantities in the function; 
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thepe other variables are •Called ih^^^t^lependent 
.variables because their value is not ddip||^med from 
the value assumed the function. For eStimple, 
if u=x^hinBy x and 6 are the independent variables, 
and u is the dependent variable 

Sometimes the exact relation between several 
quantities a?, z either is not known or it is not 
convenient to state it, it^is ogal y known, or con¬ 
venient to state, that there is'^PIno sort of relation 
between these variables, so that One cannot alter 
either x or y/ or z bingly without afFoctwg 4^he other 
quantities; the existence of a function in a?, y, z is 
then indicated by the notation F{Xy y/, z) (implicit 
function) or by x=^h\yy z) or z — F{Xy //) 

(explicit function). Soinetif^nes the letter^or ^ is used 
instead of F, so that y=F{x)t y—f{x) and y~tji{x) 
all mean the same thing, namely, that the value of 
y/ depends on the value of x in^some way whicn is 
not stated^ 


Wc^call the ratio ^ “the differential coeffuient of 


y with respect to x.” It is a solemn scientific nanio 
for this very simple IJjing. But w^e are not going 
to be frightened byj^olemn names, lyben IheSthings 
themselves are so easy. Instead of being frightened 
we will simply pronounce a brief curses on the 
stupidity of giving long crack-jaw names; and, having 
relieved our minds, will go^on to the simple thing 

ratio^^. 


itself, namely the 
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In ordinary algelfl^ \{ii^ich you learned at school, 
you were always hunting after some unknown ^ 
quantity which you called x or y\ or sometimes 
there were*two unkdbwn quantities to be hunted 
for simultaneously. You have now to learn to go 
diunting in a new .way; the fox being now neither 
X 1|or If. Instead of this you have to hunt for this 

dn 

curious cub called -r. The process of finding the 

value of is called “differentiating.” But, remember, 

w^iat is '^artted is the value of this ratio when both 

dy and dxi are thenjselves indefinitely small. The 

true value of the differential coefficient is that to w liich 

« 

it approximates in the limiting case when each of 
them is considered as infinitesimally minute. 

Let us now learn how to go in quest of 
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NOTE TO OalFTEB IIL 
How to read Pilfeteiitiale. 

It will never do to fall intOPthe schoollxJy ehfor of 
thinking that •dx means d times x, for d is not a 
factor—it means “an element of’" or^“a bit of” 
whatever followa One |;eads dx thus: “ dee-eka” ^ 
In case the reader has no one to guide him in such 
matters it may here be simply said that one reads 
differential coefficients in the following way. The 
differential coefficient 


^ is read **dee-wy by dee-eks” or *^de6-wy over 

€tiX * 

dee-eks,** 

So also ^ is read “ dee-you by dee-tee*' 

Second differential coefficients will be met with 
later on. They are like this: 
d^ It 

, which is read “ dee-two-wy c^er dee-eJcs-equoured” 

and ft means that the operation of differentiating v 
with respect to x has been (or has Jo be) performed 
twice over. 

Another way of indjp.ting that a function has been 
differentia»ted is by pitting an accent^to the symbol of 
the function. Thus if y=^F{x), which means that y 
is some unspecified function of x (see p 14)^ we may 

write FXx) instead of Similarly, ^"(a?) 

will mean that the originaf function F(x) has t^eA 
differentiated twice oirer with respect to x. 


C.lf.E. 



CHAPTER IV. 

SIMPLEST* CASES. 

« 

Now let us see how, on first principles, we can 
ilitferentiate some simple algebraical expression. 

Case u ' 

Let us begin witjhi the simple expression 
Now remember that th^ fundamental notion about 
tlie calculus is the idea^ ^ growing. Mathematicians 
call it varying. Noii^ Mi.Sy and X“ are equal to one 
another, it is clear thotiBPjj grows, will also grow. 
And if a*“ grows, then y will also grow. 
h ave got t o find gut is the pro portion ^tween the 
growing ^f y and the i^d^dn^ of x In ether words 
our task is to find out the ratio between dy and dXy 

or, in brief, to find the value of 

dx 

Let 07, tlien, grow a little ^bit bigger and become 
X'^'dx] similarly, y will grow bit bigger and will 
become y+c/y. Then, clearly, it will still be true 
that thot enlarged y will be equal to the square of the 
enlarged x. Writing this down, we have: 

y+dy={x^dxf. 

•Doing the squaring we get; 
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What does {d(c^ mean ? Remember 
a bib—a little bit—of Then (dxf will mw 

bit of a little bit of x; that is, as ex|MU6aiaboiN^*^ 
(pi 4), it is a.small quantity of the iil^nd order 
of smallnesa It may therefore,be discarded as quite 
inconsiderable in companson with’ the other terms. 
Leaving it out, we then have: 

y-\‘dy=x-+2x>dx, 

* 

Now y=x^\ so let us subtract this from the equa¬ 
tion and we have left 

dy=^x*^tai^ 

m 

Dividing across by dx, wa jnd 

dy 

dx 

Now this* is what we set out to find. The ratio of 
the growing of y to the growing^of x is, in the case 
befora us, ^und to be 2x. 



*NB —^Thia ratio is the result of di^erentiating y with 

respect to x, Diffcrentiati^ means finding the differential co 
efiioient Stmpose yio had^some other function of Xt for 
example, ti=:7i^+3 ThcA if were told to differentiate this 

with respect to x, we should have to find or, what is the same 

thing, -- j - - V .. On the other hand, we may have a case m whit h 
dx 

time was the independent \ariable (see p Ifi), suoh as this 
Then, if we were told t(4differentiate it, that means vicl 
must find its differential coefficient with respeo1||to t. So that then 

our business would be to try*to find that is, to find 

dt dt 
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f 

Nv/rnericcd example, 

t 

Suppose X =100 and /. ym 10^000. ^¥hen let x grow 
till it becomes 101 (that^ is, 

enlarged 2 ^ will be 101 x loi » agree 

that we may ignore,small qualities of the second 
order, 1 may be rejected as compand with 10,000; so 
we may round off the enlarged Sr || 10,200. y has 
grown from 10,000 to lCf,200; the added on is dy, 
which is therefore 200. 

^= 200. According to the^]||gebra-working 

of the previous paragraph, we find ^ss2a?. And so 
it is; for a; = 100 and 2a7 = 200. 

But, you will say, we neglected a whole unit. 

Well, try again, making dx a still smaller bit. 

Try dx = Then x+dx=l 001, and 

(x+dxy= 1001 X 100*1 = 10,020*01. 

Now the last figure 1 is only one-millioath part of 
the 10,000, and is utterly negligible; so we" may 
take 10,020 wit^hout the little decimal at the end. 

And this makes «?//=» 20; and ^=^ = 200, which 

• A TI XU ' * z. dx 0*1 

18 8til\ the same as zx. 

Case % 

Tiy differentiating y=a^ in the same way. 

We let y grow to y-irdy, while x grows to x+dx, 
^ /Then we hav^' 


y^dy^ix^dxf. 



Doing 1^0 



'LEST CASES 

we obtafti 


n 




Now we know t' 
of the second and 
are both made i 
will become ind 
regarding them 

But y—^\ 
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ordm; since, wheif dy and dan 
hitely small^ (cfa?)* and {^daSf 
ly ^mailer by comparison. So, 
gligible, we have left: 

(///== a?®+3 jj* • c/a?. 
subtracting this, we have; 
dy — ^x^*dx, 


and 


dx 


= 3a;* 


Ciise 3 . 

Try differentiating y=x*. Starting as beforq, by 
letting both y and x grow a bit, we have: 

y-hdy=(x+dxy. 

Wojking^out the raising to the fourth power, we get 
ly -f (/y=0?*+ ^oc^dx+^x^dxf + ^x(da^^ 4- {dxy. 

Then, striking out the terms containing all the 
higher powers of dx,y^ being negligible by com¬ 
parison, w^ have ^ 

y'\‘dy^Q[^-\'^Q^dx, 

Subtracting the original we have left 

dy^^id^dx, 

^a=4fiC®. 

dx 


and 
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ifow all these cases are quite easy* Let us collect 
^ results to see if we can infer any general rule. 


Jitet Ithem in two co^pmns, the 



and the corresponding values || i*^for 
other: thus’ 


es of y in one 
in the 


dx 


y 

4 


a?- 

2x 



X* 

407® 


Just look at these results: the opefcsiftipn of differen¬ 
tiating appears to have had the effect of diminishing 
the power of a? by 1 (for example in the last case 
red^^dng a;* to and at the same time multiplying 
by a number (the same number in fact which originally 
appeared as the pojver). Now, when you have once 
seen this, you might easily conjecture how l^be others 
will run. You would ^xpect that differentiating a;® 
would give 5aj*^or differentiating oiP would give 
If you hesitate, try one of these, and see whether 
the conjecture comes right. 

Try , 

Then y+dy^(x+dxf 

=a?® -f* Bx^dx+ 10£D®(dIa7)®+ lOos^dxy 
+ 5x(dx)*+{diicf. 

Neglecting all the terms containing small quantities 
* 0^ the higher Ofders, we have left 

y+» aj®+52Aia?, 




SIMPLEST CASES 


and subtracting leaves ifs 

V 



exactly as we supposea. 


whence 


Following out log^lly our obaert^tion, we should 
conclude that if we want to dealfirith any higher 
power,—call it ?i-^we could tackle it in the same 
way. 

Let 

then, we should expect to find tli^it 

(IJC 

For e;!:ample, let w = 8, then y=x^\ and differ¬ 
entiating it would give = 


And, indeed, the rule that differtotiating gives as 
the result is true for all cases where is a 

whole number and positive. pExpanding (x +V 
the binomial theorem will at once ^ow Ihis] But 
the question whether it is true for cases where n 
has negative or fract^nal values requires fyHher 
consideration. 


Case of a negative power. 

Let y=a?“2. Then proceed as before: 

y^dy-{x-^dxy^ 

dx\'^ 
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t 

f 

Expanding this by the binomial theorem (see p. 141X 
weg^, ’ 

s= 0 ?" * ~ 2a?: * • cfcp+3a;' 4 £c “ 

So, neglecting the small qhantitqH of higher orders 
of smallness, we have: 

y;¥dy=ix’^—^x~^'dx. 

Subtracting the original y — x~‘‘^,"we |j||||d 

dy^ ^2x~hlxt 

dx 

And this is still in accordance with tl^rule inferred 
aboya 


(7as6 of a fractional 'power, 

Jbet y = a?i Then, as before, 

dx'^ 

X / 


§f+dy=^ (ic-^dsj )^= 


f 


ler 


s/x .4 V « powers of dx. 

Subtracting the original y = x^t and neglecting higher 
powers we have left: 


dy 


1 dx 1 -1 j 


and agrees with the general rula 



sMiplkst gases 

m 

Summary, Let us see how far we have got. We 
have arrived at^the following rule- To didbre^t^atej 
a5”, multiply it by thft pow^r and reduce th^^power by! 
one, BO giving us im»* as the result. 


Exercises I, ( 
Differentiate t 

( 1 ) 

(3) 

(5) «= 



(9) y=\/x^ 


p. 288 for Answers^^* 
llowing ■* 

( 2 ) = 

(4) u = t^* • 

(6)r 


( 8 ) y^23S^, 
( 10 ) y = ^ 


1 

£C»» 


You have now learned how to differentiate powm^ 
of X. dlow easy it is! 



.CHAPTER V. 

NEXT STAGE. WHAT nd DO WITH CONSTANTS. 

• 

In our equations we have regarded x as growing, 
add as a result of x being made to grow y also 
changed iti| value and grew. We usually think of x 
as a quantity that we can vary; and, regarding the 
variation of a; as a sort of catise, we consider the re¬ 
sulting variation of ^ as an effect. In other words, we 
regard the value of y as depending on that of x. Both 
X and y are variables, but x is the one that we operate 
upon, and y is the “dependent variable.” In all the 
preceding chapter we ha\i|Lbeen trying to find out 
rules for the proportion #111^ the depend^t variation 
in y bears to the variation independently made*in x. 

Our ne^t st^ is to find out what effect on the 
process of differentiating is caused by the presence of 
cmatants, that is, of numb^s which don’t change 
whentir or y ch|inges its value. 

Added Constants. 

Let ift begin T;\dth some simple case of an added 
constant, thus: 

Let ^ H" 

Jdst as before, let us suppose x to grow to x^dx, and 
y to grow to 
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Then: 

Neglecting the small quantities^ of higher ordeftef this 
becomes yH-rfy=ir*+3a^*dit;+5. * 

Subtract the original ^= 338 + 5 , and we hajve left: 
dy^^dak 

dx 


So the 5 has quite disappeared. It added nothing 
to the growth of £C, and does not enter into the 
differential coefficient. If we hod pul 7^ ot 700, or 
any other number, instead of d\ it would have dis¬ 
appeared. So* if we take the letter a, or b, or c to 
represent any constant, it will simply disappear when 
we differentiate. 

If the additional constant had been of negative value, 
such as — 5 or — h, it would equally have disappeared. 

Multiplied Constants. 

Take a simple experii^nt this case: 

Let y=7a!®. 

Then on preceding as before we get: ^ 

y+dy=^'l{X'^rdxf ’ 

=^l[^-\'%x^dx-\-{dxf} ' 

= 7^?^+14aj -f- 7 {dxf. 

Then, subtracting the original y=7a:*, and neglecting 
the last term, we have 

dy—\^'dx. 
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I 

Let us illustrate this ^example by working out the 
graph|* df the equations y=7a3* and V 

A 

assigning to a; a set of successive values, 0,1,2, 3, etc., 
and finding the corresponding values of y and of 

These values we tabulated as follows: 



Fio. 6.—Graph of y=7aA Fio. 6a.—Graph of ^=1^ 


' *Now plot tl^se values to some convenient scale, 
and we obtain the two curves, f'igs. 6 and 6a. 










WHA* TO DO WITH CONSTANTS 29. 

Carefully compare the two figures, and verify by 
inspection that the heig|it of th^ ^ofduuMMk the 
^HieCfWve. Fig. 6a, isjrqporiional to t]^ stope of 
the original curvje,* Fig. 6, at the corresponding value 
of X. To the left*jof the origin^ where the original 
curve slopes negatSrely (that is, downward from left 
to right) the corr6i()ondin^ ordinates of the derived 
curve are negative. * 

Now, if we look- back at p. 19, we shall see th|bt 
simply differentiating a?® gives us 2a?. So that the 
differential coefficient of 7a3^ is just 7 timfts as big as 
that of x\ If we had taken 8a?^ the differential 
coefficient would have come out eight times as great 
as that of a?^. If we put y=aa?®, we shall get 

^ = a X 2a?. 

H »• * 


If we had begun with y = oa?”* we should have had 


^=a^xna?^^ 


So that any mere multiplication by 


a constant reappears as a mere multiplica^/ion when 
the thing is differentiated. And, whai is true about 
multiplication is equallj^ true about di^^ision: for if, 
in the example above^ we had taken ag the'constant f 
instead of 7, we should have had the same f come 


out in the result after differentiation. 


^See p. 77 ibont dope» ol curves. 
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Some Fwrther Examples. 

The foMowing further examples, fully worked out 
wHl enable you to nxuster completely the process of 
cfifFerentiation as applied to ordinary algebraical ex¬ 
pressions, and enable you to work out by yourself the 
examples given at the end this chapter. 

Differentiate 

8 

7 is an added constant and vamspii (see p. 26). 

5 ^ * 

‘ We mky Ihen write at once 


or 


(2) Differentiate y^a 

1 A- 

The tenon ^s/a vanish^ 



s/^ 

g an ad(£d constant; 
and as ia the index is written we 


or 


2 -- ii2 
dy _ g * 

dx~~%J^ 


(3) If ay+6a?=by — 

find the differential coefficient of y with respect to x. 

As a rule aS expression of this kind will need a 
little more knowledge than we hilire acquired so far; 



I>0,«p? C0MpiOT8 «, 

^ is, however, itlways wortti Whiie’lo tiy ii^heUier the 
expression c&ti be put in a simpler form. 

First ive must try to bring it into the forhTy 
expressioii involving x only. 

The expression may be written 
^ Xa - 6)2/+(a+(it*+y) i/ 

Squaring, we get. 





+^(a+d) (a— h)osy 
= (it-H yH 2j!;y)(a^ - 6®), 

which simplifies 

(a - 6)^+Qpl^)V= x\a^ - 6*) +'i^(o2 - 6®); 
or [(a— hf —(a®—6®)] tf =[(a®—b®)—(a+&y] 
that is 2&(h—a)y® = — 2I>(6+, 


hence 


X 


and 






la + b 


(4) The volume o£ a of radius r and hei^t 


A is given by the formi 
variation of volume vtii 


Find the rate of 
radius when r=5‘5 in. 


and 7i = 20 in. If r^h, find the dimensions of the 
cylinder so that a change of 1 in. in radius causes a 
change of 400 cub in in the volume. 

The rate jf variation of V with regard te r if^ 

-j-—2irrh 

dr 


If r=6*5 in. and 7fc=20 in. this becomes 690*8. It 
means tlmt a change of radius of 1 inch will cause a 
change of volume of 690*8 cub. inch..# This can be 
easily verified, for the Volumes with r=5 and r=6 
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f 

are 1570 -cub. in. and 2260*8 cub. in. respectively, and 
2260*8-1570 = 690'8i 

Also, if 

^=2'7rr2-4oo and r—^=^^^=7*98 in. 


(5) The reading 0 of aj^'t^ry’s Eadiation pyrometer 
is related to the Centigrade temperature t of the 
observed body by the relation 


01 V’ 


where 0i is the readying corresponding to a known tem¬ 
perature of the observed body. 

Compare the sensitiveness of the pyrometer at 
temperatures 800'* C., 1000“ C., 1200“ C., given that it 
read 25 when the temperature was 1000“ C.' 

The sensitiveness is the rate of variation of the 

dQ 

reading with the temperature, that is The formula 
may be written 

^ t* 1000 * 

and we have 


dd 100<3 ^ <3 

dt 1000* 10,0Q0,000,000'* 

do 

Whon e=800,1000 and 1200, we get ^=0*0512, 0*1 
and 0*1728 respectively. 

The sensitiveness is approximately doubled from 
800® to lOOOJ,* and becomes three-quarters as great 
again up to 1200“. 
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Ein^cie&s II. (See p. 288 for Answers.)* 

’ Differentiate the following: 

(1) 2/ = a£c®+6. (2) 2A=13£t*^— 

(3) y=12x^ + c^. (4) y=fc^x^. 

» 

(5) <(6) y=l-18«*+22-A 

c 

m 

Make up some other examples for yourself, and try 
your hand at differentiating them. * 

(7) If It and 4 be the lengths of a ro(f of* iron at 
the temperatures f C. and 0° 0. respectively, then 

= ^^(1 + 0*00001 2t). Find the change of length of the 
rod per degree Centigrade. 

(8) It lias been found that if c be the candle power 
of an incandescent electiic lamp, and V be the voltage. 
c=a where a and h are constants. 

Find the liate of change of the candle power witli 
the voltage, and calculate the change of candle power 
per volt at 80,100 and 120 volts in th^ case of a lamp 
for which a=0*5 x 10"'® and 6 = 0 

(9) The frequency rf of vibration of a *stri|ig of 
diameter D, length Zr*and specific gravity <r, stretched 
with a force is given by 



Find the rate of change of the frequency wtien 1>, Ij^ 
tr and T are varied singly. 

C.M.X. 0 



M CAX£!U£US MADE EA^ 

(10) The’greatest exteVnal pressure P Which a tube 
•mn suppo;rt without c6llapsiiig is given by 




2E \ 




rs> 


a^/JP 


ft 


where E anti <r are constants, t is the thickness of the 
tube and D is its diameter. (This formula assumes 
that is small compared to I)) 

Compare the rate at which P varies for a small 
cliQiUge of thickness and for a small change of diameter 
taking place separately. 

" (11) J'ind, from first principles, the rate at which 
the following vary" with respect to a change in 
radius: 


(а) the circumference of a ciiele of radius r; 

(б) the area of a circle of radius r , 

# (c) the lateral area of a cone of slant dimension I ; 

(d) the volume ol a cone of radius r and height A ; 

(e) tlie area of a sphere of radius r ; 
the volume of a sphere of radius r. 

(12) The length L of an iron rod at tlie temperature 
T being given by X— ^^[1-i-0 000012(T—^)], where It 
is the length at tlie ternperaffare t, find the rate oi 
variation of th«P diameter D of «an iron tyre suitable 
for being shrunk on a wheel, when the temperature 
T varies? 



CHAFrER Vl. 

SUMS, DIFFERENCES, .PRODUCTS, AND 

QUOTIENTS. 


We have learned how to diflereutiate simple alge¬ 
braical functions such as or ajc*, an^ T«re have 
now to consider liow to tackle the sum of two or 
nioie functions.’ 

For instance, let 


1/ = (.r- -b c)+ (ax* -f h ); 

what will its be? How are we to go to work 
ax ^ 


on tliis new j^b ? 

The «inswer to this question is quite simple: just 
differentiate them, one after the other', Julius ^ 

-Jlc:%x+ 4a.z’®. (A7^s.) 
ax ^ ' 

If you IiEfVe any doubt whether tliis Is righi, tiy 
a more general case, working it by first principles. 
And this is the way. • 

Let l/ = u+r, where u is any function of a?, and 
V any other function of x. TJhen, ley;ing S? increase 
to x-jrdx, y will increase to and u will 

increase to u-i-du; and v to v-hdt^. 
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And we shall have: 

' y’\‘dy=u-\‘du-^V’\-dv. 

Subtracting the original y = w+t7, we get 

dy — dii’^dVy 

and dividing thrpugh by dx, we get: 

dy __^du^dv 
dxT dx^ dx 

This justifies the procedure. You differentiate each 
function separately and add tlie remilts. So if now 
wo tak«j, tli^ ejiarnple of the preceding paragraph, and 
put in the values of the two functions, we shall have, 
using the notation shown (p. 17), , 

dy d{x^-^c) j diax ^-±i 
dx dx dx 

^2x + 

exactly as before. 

ff there were three functions of a?, which we may 
Ut V and tv, so that 


then 


T 


y = u-i-V'i-w; 
dy_dfi dv d?v 
dx djX dx^dx 

p 


As for the n!le about suhtraiftion, it follows at once; 
for if the function V had itself had a negative sign, its 
differenitial coefficient would also be negative; so that 
by diderentiating 


w—V, 


dy du dv 
dx dx^d^ 


we should get 
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• * 

But when we come to do with Products, the thing 
is not quite so simple. ’ , 

Suppose we were asked to differentiate the expfeSsion 
^=(a;H c) X +6), * 

what are we to do? The result will certainly not 
be 207 X 4ao^; for it is easy to see that neither c x cm?*, 
nor if* X 6, would have beeft taken into that product; 

Now there are two way* in which we may go 
to work. ; 

First way. Mo the multi{)lying first, and, having 
worked it out, wien differentiate. * • • 

Accordingly, we multiply together +o and ax^ -f h. 
This gives jmc®+ acx* + hx^ + he. 

Now differjjftiate, and we get: 

= Gaoj®+4aca7*+ 2hx. 
ax 

Second way. Go back to first principl4^<*»nd 
consider the equation 

^ “ y-uxv\ 

where u is one function of a?, and v is any oth 
function of x. Then, if x grows to*be a7+c^; an 
y to y+dy; and u becomes U’^-du ; and v becomes 
v+dv, we shall have: 

y-{-dy={u-\- du) x(v+dv) 

=sU'V+u*dv-\-v*du-\-du*^v. 

Now ciftt • dv i6 a small quantity of the second order 
of smallness, and therefore in the limit may be 
discarded, leaving 

y+dy=tu•v^u^dv+v•du. 


'V 
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Then, subtracting the'original i/=u*v,yre have left 
» di/=U’dv’^V’dn, 

and, dividing througl>>by dx, We get the result: 

dti dv , dv 
'' dx ^dx ^dx 

This shows that our instructions will be as follows: 
To d'lferevbatc the jyroduci of two functions, multiply 
each function by the (hfiercnhal coeffident of the 
other, and add together the two products so obtained. 

You should note that this process amounts to the 
following: ''Tieat u as constant while you differen¬ 
tiate V ; then treat v as constant while you differentiate 

dv 

n , and the whole differential cocfBcient will be 

the sum of the results of these t\^o treatments 
Now, having found this rule, apply it to the 
concrete example which was consideied above. 

We want to diffeientiate the product 

(.r’ + c) X 

Call (.??*+and (€bx*^h)^i\ 

Then, by the general rule just established, we 
may write: 


-=6aa?® ^ 4acx^ 
dx c 


■^(axt^-hb)2x 
+ 2bx, 


exactly as before. 



QUOTIENT’S 

Lbsily, we have to differea^iate quotienii, 

Tliink of this example, In sl^ch*^..case 

it is no use to try to work out the division beforehand, 
because a?^4-a will not divide into hx^^c, neither 
have they any common factor. * So tliere is nothing 
for it but to go back to^rst principles, and tind a 
rule. 

So we will put 

where u and r are two different functions of the 
independent variable x. Then, when x becorre.s 
x-{-dx, y will become .y+f///; and u will become 
n 4- dll ; and v will become v + dv. So then 

Now perform the algebraic division, thus; 


V 

y=-r 


- - 


n+di( 

, tt’dr 

w-f 


n , du ti * dv 
—h -— 


V V 




V 


r 


du 


n • dv 


V 


• V 


dv 


u • dv du • dh 


V V 

v^dv v^dv*dv 


V 


V 


i2 


difdv9 ^ U‘dv*dv 




V 
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1 

As both these remainders are small quantities of 
the second order, they may be neglected, and the 
division may stop here, since any further remainders 
would be of still smaller magnitudes. 

So we have got: 

, j V , dn u»dv 
!/+dy=--i 


V V 


V 


2 » 


which may be written 


V V*du — u* do 

Now subtract the original have left: 


dif 


vdn-^U’dv 




whence 


du dv 
dy ^d x^^dx 


This gives us our instructions as to how to differ¬ 
entiate a quotj,ent of two functions. Multiply the 
divisor function by the differential coefficient of 
the dividend function; then ^multiply the dividend 
function by tli£. differential coefficient of the divisor 
function; and subtract the latter product from the 
former,r Lastlyy divide the difference by the square of 
the divisor function. 

Going back to our example - g -- 

* *17 tCI 

\^rite 

and a?^+a=V. 
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Then 


dx 


{a^+af ‘ * 

_ {x^ + a)(5hoc^) — { ha^ +c)(2j:*) , 

~ {x^-^af ’ 

dy 3&ii?®+5a6a?*—‘Sea? , . , 

—^w“‘ 

1* 

The Working out of quotients is often tedious, J)ut 
there is nothing difficult about it. 

Some further examples fully worked out arc given 
hereafter. 




(1) Differentiate 2/ “ ^ ^+p* 

CL^ 

Being a^JCpstant, ^ vanishes, and we havo 




^=pX3xa^-‘-^-xlx«'--. 

« 

But 1; so we get: 


dy_Sa 2 «' 


dx 


ar 


1 / 


(2) Differentiate y — ‘las/T)^^-^^~-‘2\/ah, 


%) 


X 


Putting X in the iq^iex form, we gei 

y=2as/bx^ — ^bs/ax’^ — 2s/ab, ^ 


Now 


2aV6 X i X -36.ya X (- 1) X ; 

dx « • 


or, • 
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^/T 4*4 

(3) Differentiate « = 


» t 


or, 

OFf 


This ina^y be writtdh: c- = 1*8 0 ~^ — 4*4 ^'^—27®. 

The 27" vanishes, and we have 

^|=-l-2e'*+0-88e'*; 

(Id 

dz_(m_ 

• (4) Differentiate = —l-2^+l)’ 

A direct way of. doing this will be explained later 
(see p. 67), but we can nevertheless manage it now 
without any difficulty. 

Developing the cube, we get 

V = 27f® - 32-4/^ 4- 39 96«* - 23 328«H13 S2t^ - 3-6f+1; 
hence , 

ilv 


dt 


= 162f® -162«H 159*84<3 - 69-984«H 26-64# - 3 6. 


(5) Differentfttte y — {2x--2t){x'\-\f. 

g^(2;,_3) j [(g± D ( y ±ia+(^+i)»^<^^ 

• =2(®+lJ[(2a; -3)+(ic+l)]=2(aj+l)(8a;-2); 

or, more simply, multiply out find then differentiate. 
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(6) Differentiate i/=(yox\x—'i). 

= 0*5 [ix^ +(a? — 3) X 3,r^J = 

Same remarks as for preceding examplet 

(7) Differentiate 
This may be written 

?r=(0-f 

-^-(0+0 )---- +(0+0 ) -^0-“ 


^+^ 0 )' 


=(0+0-i)(10-'-;0'’)+(040'b(^-0'') 

= i ( 0 ^+ 0 ''^- 0 "’- 0 '-)+( 0 ^+ 0'^-0 ®- 0 '*) 



This, again, could be obtained more simply by 
multiplying Jbhe two factors first, and differentiating 
afterwards. This is not, however, always possible; 
SCO, for instance, p 173, example Si, in *which the 
mle for differentiating a product must be used. 


(8) Diffeiientiate —-5. * 

l-\-as/x+a^^ 

^ {\+aiJx-\^a^xY ' 

- _ a(^ax~^ + a^) 
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o 

X-' 


(9) Differentiate 


* • 


JL — ^ -• ^ _ 2a? 

c/a?“” (oj^+l)'* ”(a?*+l)^* 

(10) Differentiate y = 

a—s/x 


In the indexed form, y = 


i* 

a—x^ 


ily __ (g—a?^) ( .J a ) ~ (a f a;^)(- ^ a-^ _ a~a?^4-a+a?^ . 

(a—a?^)^ . ^{a-x^fx^ 


hence 


a 


(11) Differentiate 0 = 


(Jy^ _^_ 

{a — fjx^s/X 

i+g^y^® 

1 — 


Now 6 — 

1 + at^ 

^^_ (1X 

. {l-hatif 

6a*4^—^-9a4^ 

6(l+a4/r? 

*(12) A reservoir of square cross-section has sides 
sloping at an angle of 45* with the vertical. The side 
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of the bottom is 200 feet. Find an expression for the 
quantity pouring in or out when the depth of water 
varies by 1 foot; hence find, iij gallons, the qflahtity 
withdrawn hourly when the depth is reduced from 
14 to 10 feet in 24 hours. « 

The volume of a frustum of pyramid of height Hf 

// __ 

and of bases A and a, is Va-{-fjAa). It is 

easily seen that, the slope being 45®, if the depth^be 
/i, the length of the side of the square surface of the 
water is 200+2A feet, so that the volume of*water i^ 


h 


g [2002+(200 4- 2hf +200(200 + 2/0] 


4 //* 

= 40 , 000 /^+ 400 /^ 2 +^,-. 

o 


dV 


= 40,000+800^+4/^2 = cubic feet per foot df depth 

variation. The mean level from> 14 to 10 feet is 
* d V 

12 fee^ when /i = 12, ^ = 50,176 cubic feet. 

Gallons per hour corresponding to a'^han^e of depth 
ot 4 ft in 24 hours = -= 52,267 gallons. 


n 


24 


o 


(13) The absolute pressure, in atmospheres, P, of 
saturated steam at the temperature f C. is given by 

( 40+A® 

j as long as t is above 

80®. Find the rate of variation of tlft pressure with 
the temperature at 100* C. 
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Ex-pand the numerator by the binomial theorem 
(see p 14J). 


« ( 


hence 


P =(405 ^ 5 ^ 404^+10 X 403^2+10 X 402^3 

+5x40«*+«®); 

1 


*’537,824x105 

(5 X 40' + 20 X 403^+30 x 402^2+ 20 x 40^3+ 5^^), 


when ^ss:100 tliis becsomes 0036 atmosphere per 
deoree Centigrade change of temperature 


Eiercibea III. (See the Answers oirp. 2’59.) 

(1) Diflerentiate 

• (“>'‘=^+'"’+if 2 +nr 2 ' 73 +--’ 

(h) y^aj(--^hx’j-c. (c) y = (x+af, 

(d) // = (^4aA 

(2) If v^^at — \hPy fin<l 


(3) Find the differential coefficient of 
^ //=jf^+-y“l)x(2;-^-l). . 

(41 Ditiorentiate 

V=(I 97:p - 34^-2) X (7+22ir - SSx^). 




# ffy* 

(5) If ar=(yt3)x(y«f6), find 

(6) Differentiate 3^=1-37093?x{112'6+45-202a!*). 
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Fiad the differential coefficients of 

l+ie;^2a5® 


/*7\ 

*'"ax+2‘ 


( 8 ) >1 


(9) i/= 


(IX-hh 

K l^' — ■■■ -'.l» « 

cx-^d 


nn\ x'^+a 

^ •' x'‘* + b 


(11) The temperature t f)l the filament of an in¬ 
candescent electric lamp ivS connected to the current 
passing through the lamp by ilie relation 


C=^a + bf-\-rf\ 


Find an expression giving the valuation ^of the^ 
current coiTesponding to a variation of temperature. 

(l:i) The following formulae have been proposed to 
express the relation between tlie electi-ic resistance li 
of a wire at the temperatiiro 0., and the resistance 
Bn that same wire at 0 Centigrade, a and b being 
constants. B = /?„ (1 + af+ hf-). 

-h(ith^f). 

g B = Bn( 

Find the rate of variation of tlie resistance with 
regard to temperature as given by each of these 
formulae. 

» 

(13) The electromotiye-force E ol o. (certain ty{>e of 
standard cell has been found to vary with the tem¬ 
perature t according to the relation 

E= 14340[1 -000()314(^-15) 

+Q000007(t-15)*] volts. 

Find the change of electromotive-foi^e per degree,' 
at 16^ 20“ and 25“. 
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(14) The electromotive-force necess^^ to maintain 
an electric arc of length I with a curtjint of intensity 
i has t)een found by Mrs. Ayrton to 

rr ,1/1 ^ + 

, jC/=a+o/H—» 

where a, h, c, h are constants. 

Find an expression for flie variation of the electro¬ 
motive force (a) with regard to tlie Jength of the arc. 
(6) with regard to the strength of i^e current. 



CHAPTER YJI. 


SUCCESSIVE DIFFERENTIATION. 


Let us try the e^^t of repeating several times over 
the operation of differeiitiatin£^ a function (see p. 1^). 
Boi^in with a concrete case. 


Let = 


First diffei^entiation, 

5./A 


Second differentiation, 

5 X 

= 20a?®. 

Third differentiation, 

5 X 4 X ^x^ 

- 60a;2. 

Fourth differentiation, 

5 X 4 X 3 X 2x‘ 

= I20j?. 

Fifth differentiation, 

5x4x3x2xl 

= 120. ' 

Sixth differentiation, 


= 0. " 


There is a certain notation, with whicli we are 


already accjuainted (see p. 15), used by some writers, 
that is very convenient. This is ^o employ the 
general symbol f{x) for any function of x. Here 
the sj^mbol /{ ) is imd as “ function of,” without 
saying what particular function is meant. ^ the 
statement y=. f{x) merely tells us that y is a function 
of if, it may be or ox*", or cos x or any otfier com¬ 
plicated function of x. 

The corresponding symbol .for the, differential co¬ 
efficient is f'{x), which is simpler to write than ^ 
This is called the “ derived function ” of x. 




C.H.E. 
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Suppose we differentiate over again, we shall get 
the “ second derived function ” or second differential 
coefficient, which is denoted by and so on. 

Now let us generalize. 

Lt't y=f\x)^x^\ , 

First differentiation, — 

Second differentiation, /%v) = «(/i— 

Third differentiation, = n{n — 1)(m — 

Fourth diffcientiation, 

r'\x) = »(n - l)(u - 2){n - 
* etc., etc. 


Jjiit this is not the only way oC indicating successive 
differentiations. For, 


if the oiiginal function be 
once differentiating gives 






d{ 'Y 


twice differentiating gives ); 

(Pa 

and ih%^ inoife conveniently written as or 

.. . {dx) 

'dP‘ 


— ^ — 

more usfially -'f-f. Similarly, we may write as the 


resulttof thrice differentiating, = f"\x). 



t • 
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E3i;<onples. 

Now let us try j/ =7j** -f 3*5^*®—4* — 2. 

^ = f'{x) = 28 . 1 ^ +1 - sc+ 

2l=/"(if)=84^'H2Ja:-l, 
^=r{x)=uix+n. 
g=/""(a;)=ie8, 
g=/"'"(a')=0. 

In a siinilar manner if y — 4>{xi) = 3a; (x^ — 4), 

^\x )== 3[a; X 2a^ 4- {x- —4) x 1] = 3(3j?'^—4), 

^"(x) =■ ^= 3 X C JS = 1 Sx, 


Exercises IV. (See page 289 for Answe»|^^ 
Find and for^^he following expression^. 


(1) 2/ = l7a;4-12a‘-. 


® ■'-C: 


v^/ y *4"Y4“ 1^2 ' l~x"2~x3** 1 x2x3x4* 

(4) Find the 2nd and Si^i derived functions in 
the Exercises III. (p. 4Q), No. 1 to No. 7, and in the 
Examples given (p. 41), No. 1 to No. 7. 


X 



CHAPTER VIII. 

WHEN TIME VARIES. 

Some of the most important problems of the calculus 
are tliose wliere time is the independent variable, and 
.we have to think about the values of some other 
quantity that varies when the time varies. Some 
things grow larger as time go«^ on; some other things 
grow smaller. Tlie distance t|fat a train has travelled 
from its starting place goes 04 ever increasing as time 
goes On. Tre^s grow taller the years go by. 
Which is growing at the greater rate; a plant 12 
inches high whiclu in one month becomes 14 inches 
high, or a tree 12 feet high which in a year becomes 
14 feet high ? 

In tH^^chaptet we are going to make much use 
of the word rate. Nothing to do with poor-rate, or 
police-rate (except that even isere the word suggests 
a proportion—e. ratio—so many pence in ‘^the pound). 
Nothing to do even with birth-rate or death-rate, 
though those w'ords suggest so many births or deaths 
per thousand of the population. When a motor-car 
whizzes by us, we say \ What a terrific rate! When 
a* spendthrift is flinging about his money, we remark 
that tliat young man is living at a prodigious rata 
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What do we taaean by rate ? In both these cases we 
are making f Aen tal comparison of,, 3 Piaethijag.th^t is 
happening, dBTthe length of ^ime that it tisSkeig ,tp 
Eappen! If flp motor-car flies past us goiifg 10 yards 
per second, simple bit of mental aritlimetic will 
show us that this is equivalent—while it lasts—to a 
rate of 600 yards per mlbutc, or over 20 miles per 
hour. • 

Now in what sense is it true that a speedy of 
10 yards per second is the same as 600 yards 
per minute ? Ten yards is not ilie santb as 600 yards, 
nor is one second the same thing as one minute. 
What we mean by saying that the rate is the same, 
is this: that the proii^tion borne between distance 
passed over and tim^ijjiaken to pass ovjer it, , 14 , th? 
same in both cases. , 

Take another example. A man may have only 
a few pounds in his possession, ^nd yet be able to 
spend money at the rate of millions a year—^provided 
he godh on spending money at that rate .for a few 
minutes only. Suppose you hat]$ « shilling over 
the counter to pay for some goods; and suppose the 
operation lasts exactly one second. Then, during 
that brief operation, 5 ^u are parting with your money 
at the rate of 1 shilling per second, which is the 
same rate as £3 per minute, or £180 per Tiour, or 
£4320 per day, or £1,576,800 per year! If you have 
£10 in your pocket, you can,go on pending money 
at the rate of a million a year for just^} minutes. 

It is said that Sanfly had not been in London 
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above five minutes when “ bang went saxpence.” If 
he were to spend money at that rate throughout a 
day ot 12 hours, he would he spending 6 shillings an 
hour, or £3. I2s. per day, or £21. 125. i| week, not 
counting the Sawbath. 

Now try to put some of these ideas into 'differential 
notation. ‘ 

Let y in this case stand for money, and let t stand 
for time. 

If you are spending money, and the amount you 
^pend ip a slvorijU^te dt be called rfy, the rate of 

spending it will or, as regards saving, with a 


minus sign, as —-^'^feeause then dy is a decrement^ 

not an increment. 1 iut ni|||^ is not a good example 
for the calstelus, because itjfcnerally conies and goes 
by jumps, not by a contin^is How—you may earn 
£200 a year, but it does n6t keep running in all 
day long in a thin strean;^;, it comes in only weekly, 
or monthly, oi; quarterly, in lumps: and your ex¬ 
penditure also goes out in sudden payments. 

A more apt illustration of^he idea of a rate is 
furnished by the speed of a ^pioving body. From 
London (Euston station) to Liverpool is 200 miles. 
If a train leaves London at 7 o'clock, and reaches 


Liverpool at IX o’clock, you know that, since it has 
travelled 200 miles in 4 houi-s, its average rate must 
have been 50 miles per hour; because Here 

you axe really making a mental comparison between 
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the distance passed over and the time taken to pass 
over it. You are dividing one-by the other. If y is 
the whole distance, and t the wliole time, cleai’ly the 

is ~. Now the speed was ifot actually 

constant the way: at starting, and •during the 
slowing at the end of the journey, the speed was 
less P^twibly at some part, uhen running down¬ 
hill, th^-^eed was over GO miles an hour. If, during 
any particular element of time dt^ the corresponding 
element of dist<|fice passed over dy, then at that 

part of the journey the speed The rate al 



which one quantity (in the pres^jH instance, distance) 
is changing in relation to the other quantity (in this 
case, Hine) is properly expressed, then, by stating the 
differential coefficient o^ope with respect to the other. 
A velocityy scientitically^jkpressed, is the"|ji|^ at which 
aT'ery small distance in any givqn direction is being 
passed over; and may therefore be wri 

% 

iW 


V' 


But if the velocity v is not uniform, then it must 
be either increasing # else decreasing. The ijite at 
which a velocity is increasing is called fhe acceleration. 
If a moving body is, at any particular insian^ gaining 
an additional velocity dv in an element of time dt^ 
then the acceleration a at that instant may be written 
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but dv is itself d {^-). Hence we may put 




and this is usually written a = * 

or the acceleration is the second differential coefficient 
of the distance, with respect to time. Acceleration is 
expressed as a change of velocity in unit time, for 
instance, as hein^ so many feet per second per second; 
‘^he notatioM u??od being feet -r- second^. 

When a railway train has just begun to move, its 
velocity v is small; but it is rapidly gaining speed—it 
is being hurried up, or acceferated, by the effort of the 

engine. So its is large. When it has got up its 

top s^ed it is no longer being accelerated, so that 

then - has falleVi to zero. But when it nears its 
dt^ 

stopping .place its speed begins to slow dowd; may, 
indeed, ^bw dawn very quickly if the brakes are put 
on, and dfi^ng this period of deceleration or slackening 

of pai?e, the val^ue of g-, that is, of -^^^,will^be negative. 

To accelerate a mass m requires the continuous 
application of fbrca^ The force necessary to accelerate 
a mass is proportional to the mass, and it is also 
proportional to^ the acceleration which is being im¬ 
parted. Henc# we may write for the force the 
expression f^ma\ 
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or 


or 


/=m 


dV 


- dhj 

d- 


The product of a mass by the speed at which it is 
ooing is called its movientum^ and is in symbols mv* 
ff we differentiate momentum with respect to time 
d( 7}iv') * 

we shall get the rate of change of mo- 

mentura. But, since m is a constant quantity, this 

dv • * * 

may be written which we see above is the same* 

as /. That is to sayj force may be expressed either 
as mass times acceleration, or as rate of change of 
momentum. W 

Again, if a force is employed to move something 
(against an equal and opposite counter-force), it does 
work ; and ihe amount of work dqno is measured by 
the product of the force into the distance (in its 
own direction) through which its point of application 
moves forward. So if a force / gloves*'forward 
through a length //, the work done fwhiciiiiAre mav 
call w) will be ^ ^. 

• • 

where we take y as a constant force. If the force 
varies at different parts of the range ?/, then must 
find an expression for its value from point to point. 
If / be the force along the small element of length 
dy, the amount of work done will be dy. But a$ 
dy is* only an element of length, only an element of 



58 


CALCULUS MADE BAST 

f 


work will be doile. If we write w for work, then an 
element of work will be dw ; and we have 


dw^fy.dy\ 
which nifty be written 

dw^m(i*dy\ 

or dw^m^^-dy 


or 


, ^ dv j 

dw^m~j-^-dy. 


Furtlier. we may transpose the expression and wite 

div 

~dy-^' 


This gives us yet a third definition of /orce; that 
if it is being used to produce a displacement in any 
direction, the force (in that direction) is equal to the^ 
rate at which work is being done per unit of length 
ill that direction. In this last sentence the word 
rate Is clearly not used in its time-sense, but in its 
meaning as ratio or proportion. « 

Sir Isaac Newton, who was (along with Leibnitz) 
an inventor of the methods of the calculus, regarded 
all quantities that were varying as flowing ; and the 
ratiti which we nowadays call the di^erential co- 
eflicient he regarded as the rate of flowing, or the 
fluxion^ of the quantity in question. He did not use 
the notation of the dy and dxt and dt (this was due 
to Leibnitz), but had instead a notation of his own. 
P y was a qu^tity thkt varied^ or “ flowed,” then his 
symbol for its rate of variftjfcion (or “fluxion”) was 
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0. If X was the variable, then its fluxion was called 

9 

X, The dot over the letter indicated that it had been 
differentiated. But this notation does not tell us 
what is the independent variable with respect to 
which the differentiation has been effected. When 

(hi * * . . 

we see - we know that |/ is bo be differentiated with 
ut ^ 

gM 4 g 

respect to t. If we see ^ wS kiiow that y is to be 

differentiated with i espect to x. But if wo see merely 
y, we cannot tell without looking the context 

whether this is to mean or ^ or , or what is 

ilx at (iz 

the other vaiia*ble. So, tlieiefore, this fluxional no¬ 
tation is less informing than the differential notation, 
and has in consequence largely dropped out of use. 
But its simplicity givi^s it an advantage if only Ve 
will agree to use it for tiiose cases e 2 ?:clusively where 
time is the independent variable. Tn that case y will 

dif j . dtt j .. „ 

mean ~ and u will mean ; and x will moan — 
dt dt dV' 

Adopting this fluxional notation we may write the 

mechanical equations^onsidered in the garagraplis 

above, as foljows: 


distance 

velocity 

acceleration 

force 

work 


as 

w=*xxmebf 
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Examples, 

(1)^ A body moves so tliat the distance x (in feet), 
which it travels from a certain point, 0, is given by 
the relation a? = 0*2^2+10*4, where t is the time in 
seconds elapsed si^ice a certain instant. Find the 
velocity and acceleration 5 seconds after the body 
began to move, and also find the corresponding values 
when the distance coJ'ered is 100 feet. Find also 
the average velocity ®ring tlie first 10 seconds of 
its motion. (Suppos^jjlpistances and ^motion to the 
right t6 poWive.) ^ 

Now a?=(jL‘2i2+10*4, 

tlx 

^s=0'4^; and = = 0’4 = constant. 


When a? = 10*4 and «? = 0. The body started 
from a point 10*4 feet to the right of the point O; 

and the time was reckoned from the instant the 

« 

body started. 

When < = 5, «? = 0*4 x 5 = 2 ft./aec.; a = 0*4 ft./sec^. 
When *a? = 100, 100 = 0*4 - 10*4, or ^^ = 448, 


and < = 21*17 sec.; ij = 0*4x 21*17 = 8*468 ft./sec. 
Wiien <=10, , 

distance travelled = 0*2 x 10® -1-10*4 —10*4 = 20 ft. 


Average velocity = = 2 ft./sec. 

(It is the same velocity as the velocity at the middle 
of the interval* <=5; for, the acceleration being con¬ 
stant, the velocity lias varied uniformly from zero 
when <=0 to 4 ft./sec. when ^=10.) 



JTHBN TIME VARIES 61 


(2) In the above problem le*t us suppose 

x*=0-2e2+3«+10*4. 


v=x 



4 <+ 3 ; a = x= 


ti^x 

de 


• o 

= 0*4 = cpnstant. 


When ^=0|i<»=:10*4 and t?=3 ft/sec., ttie time is 
reckoned from the instant at wliich the body passed a 
point 10*4 ft. from tlie point O, its velocity being then 
already 3 f t.y sec To find the ti^e elapsed since it began 
moving, let v = 0, then 0 4^-f'*f=0, — 7 5 sgc. 

The body began moving 7m^ec. before time was 
begun to be observed; 5 l^jkids after •'th>b gives. 
^ = — 2*5 and «’ = 04x —254*8“2 ft./sec. 

When j? = 100 ft., 


100 = 0*2«2+3< + 10 4;*or + = 

hence t = J495 sec., t> = 0‘txl4 95+d 

To find the distance travelled during'me 10 first 
seconds of the motion one must know how far the 
body was from the point 0 when it started. 

Wheij «=-7*5, 

a! = 0*2x(~7-5)2-3x7*5 + 104= -085 ft., 
that is 0 85 ft. to the left of the point D, 

Now, when < = 2*5, 

a(=0 2 X 2 52^^ X 2-5+10 4 = 19-lo. 

So, in 10 seconds* the distance travelled was 
19-15+0-85 = 20 ft. and , 

the average velocity = j J = 2 ft./^ec. 


(3) Consider a similar prol^Jem when the distance 
is given by a?=0*2<^—3<+104. Th»n t?=0'4^—5, 
a = 0*4=constant. When i=0, a? = 10*4 as before, and 
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V = — 3; so that the body was moving in ths direction 
opposite to its motion in the previous cases. As the 
acceleration is positive, however, we see that this 
velocity will decrease as time goes*o|||mtil it becomes 
zero, when v = 0 or 0 4< —13 = 0; or sec. After 

this, the velocity becomes positive; and 5 seconds 
after the body started, ^=•12*5, and 

55! 0-4 X t2*5 ^3 — 2 ft./sec. 

(.When .'^ = 100, 

100 = 02«2~3«+104, or «^-l5e-443 = 0, 
and i = 29*95; i; = 0*4 x 29 95—3 = 8*98 ft/sec. 

When a; is zcio,.f = 02x752-3x7 *50*85, 
informing us that the body moves back to 0*85 ft. 
beyond the point O before it stops Ten seconds later 

« = 17*5 and £P = () 2 x 17 5^-3 x 17*5 + 10 4= 1915. 
The distance travelled = *85 + 1915 = 20*0, and the 
aveiage velocity i? again 2 ft/sec. 

(4) Consider yet another problem of the same sort 
with ai;=i02^^ —3f®+104; «?=0*G7^^6f; a—1*2^—6. 
The acceleration is no more constant. 

When t = 0, j?=10*4, i;=0,^ = —6. The body is 
at rest, but just ready to move with^ a negative 
acceleration, that is to gain a velocity towards the 
point 0^ 

(5) If we have x =0*2^“^—+10*4, then v = 0*6^®—3, 

aad<»=l’2f. ^ „ 

‘ When #=0, «?=104; «;= >-3; a = 0. 

Th« body is moving tow&rds the point 0 with 
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a velocity of 3 ft/sec, and just at that instant the 
velocity is uniform. ^ 

We see that thecc^ditions of the motion can always 
be at once asceM«ed from the time-distance equation 
and its first aim second derived .function^. Tn the 
last two cases the mean velocity during the first 
10 seconds and the velocity 5 seconds after tlie start 
will no more be the same, because the velocity lo not 
increasing uniformly, tlie acceleration being no longer 
constant. 

(G) The angle B (in radians) turned through by a 
wheel is given by ^ = 3 + -^—OTi®, where t is the 
time in seconds from a certain instant; find the 
angular velocity w and the angular acceleration a, 
(a) after 1* second; {h) after it has performed one 
revolution. At what time is it at rest, and how many 
revolutions has it performed up to that instant ? 

Writing for the acceleration 

w=d=j~ = 2-0-Sf, a=0 = ^^j = -O6«. 

♦ 

When < = 0, 0 = 3; « = 2 rad./sec.; a = 0. 

When i = l, ^ 

w = 2 — 03 = 1*7 rad /sec.; a = — 0*6*rad./sec®. * 

T'his is a retardation, the wheel is slowing down. 

After 1 revolution * 

0 = 2x = 6*28; 6'28 = 34-2«-0*l^®. 

By plotting the graph, 0 = 3-f 2^—0*1^, we can get^ 
the value or values of t for which 6*28; these 
are 2*11 and 3*03 (there is a third negative value). 
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When ^ = 211, 

^ j ^=6 28, a) = 2 —V34 = 0*66 rad./sec.; 
a=^ —1’27 rad /sec^. 

When < = 3 03, 

d = 6 28; {a ='2 — 2 754 = — 0‘75^ad /sec ; 
a= -~1’§12 rad./sec*. 

Tlie velocity is ^reversed. The '^heel is evidently 
at rest bet\ioen these two instants^t is at lost when 
a) = 0, that is when 0 = 2 —0 3^^ or^hen < = 258 sec., 
it has per{oiuuHl 

e 3 + 2x2.58-01x2 583 

^ — 6'28'' -~ revolutions. 


^ L 

Ex(>reives V. (See 290 for Answ^ers.) 

(1) If !/=a+h^+’i 






and 



= 25+12c<2. 


(2) A.body^falling fiwy ^ space desciibes in < 
seconds a space s, in feet, exprfeed by the equation 
= 1 G<^. 'f^Dravv a curve showing the relation between 
.s aiM t Alsg determine the velocity of the body at 
the following times from its being let drop: <=2 
secomk; <=4 6 seconds, < = 0*01 second. 


(3) If , find x and x 

(4) If a body niove*according to the law 

• « = 12-4-5<+6-2<2, 

find its velocity when <=4 s^onds; s being in feet. 
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(5), Find the acceleration the body mentioned in 
the preceding examjgle. Is the acceleration the same 
for all values of t? ^ • • 

(6^ The angle 6 (in ladians) turned through by 
a revolving yfh^esl is connected with the^ime t (in 
seconds) that elapsed since starting, by the law 

J^2T-.3-J<+4 8e2 

Find the angu^P velocity (irf radians per second) of 
that wheel whenB^ seconds have elapsed Find al§o 
its angular accelStion. 

(7) A slider r^Ses so that, during tlie fifst part of 
its motion, its <]||pnce s in inches from its starting 
point is given bytj^e expn^ssion 

8 = 6 8^^ —10 8^, f beiugi in seconds 


Find the.exwesflion fortlie 
tion at any tupf:; and h^ee 
acceleration fllr 3 sec 013^^1 


acceleration 3 seec 

(8) The motion of a id such that its 

height /*, in miles, is any instant by the 

expression ^ s= 5*5 + t being in seconds. 

Find an expressionSShf^the Vdocity and the accelera¬ 
tion at any time. Dr^ cu^es to show the variation 
of height, vejocity and acceleration during the tfirst ^ 
ten minutes of the ascent. * 

(9) A stone is thrown downwards into water and 

its depth p in metres at any instant t seconds after 
reaching the surface of the water is given by the 
expression 4 * ' i • 

^ ~ 4-j^ ^ * 


city and the accelera- 
ftthe velocity and the 


C M.E. 



66 CALCULUS MADE EAgY ' 

Find an expression for the velocity and the accelera¬ 
tion at any time. Find the velocity and acceleration 
after 10 seconds. 

(10) A body moves in such a way that the spaces 
described "in the time t from starting is given 
8 = t^, where n is a constant. Find the value of n 
when the velocity is doubled from the 5th to the lOtli 
second ; find it also w'lien the velocity is numerically 
equal to tlie acceleration at the end of the 10th second. 



CHAPTER TX. 

INTRODUCING A USEFUL DODGE. 


Sometimes ouc is stumped by finding that the ex¬ 
pression to be diflerentiated is too 5ompliaated to 
tackle directly. 

Thus, the equation 

is awkward to a beginner 

Now the dodge to turn the difficulty is this: ^SVtite 
some symbol, such as ?«, for the expression 
then the equation becomes * 

which you can easily manage; for 


da 


> 1 


Then tackle the expression 


and differentiate it with respect to a?, 

du 
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Then all that remains is plain sailing; 
for 

' ^ d^^dvrdx' 

that is, ^ ^ ^ 

=|(a?^+a®)^x2aj 
~3a7(a!®+a®)*; 
and so the trick is done. 

'By and bye, when you have learned how to deal 
with sines, and cosines, and exponentials, you will 
find this dodtje of increasing usefulness. 

P o 


Examples. 

Let us practise this dodge on a few examples. 
(1) Differentiate y= 

Let a-\-x=ti. , 


dydu 1 


___^___ _ 

dx da dx a ~l~gv 

‘ 1 

(2) Differentiate y = 


Let 


dx y-M , 




dv^ dv du 
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.(3) Differentiate y = fw—+ . 

^ £C»/ 

Let wi—i*a;^+px'* = w. 

o -i i • -i. 

^=-Swx t, 

• 

« du „ , 

x^= —a(m—nx^ + (3 + ipsiT^)* 

(Lc chi (lx \ x^J • « ^ 

(4) Differentiate 2/ = - / 

Let a = x^ — c^. 


!// eZ/f 
^x-,-= - 


3x** 


dx 'l>s/{x^^a^f 


(5) Differentiate !/ — '\J\^^* 


Write thi^ as 


/>= 


+a; 

(1 —x*)^ 


^JL 

dx 


(1 H-x)- 


(fx 


1+a? 


(We may also write 2/^=(l —x)^(l4'a?)"^ and differ¬ 
entiate as a product,) 
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I 

Proceeding as in exercise (1) above, we get 

1 , . , 1 

dx 2^1^’ ~'dx 2«/i+V 

I 

Hence 

djf (1 + fl?)^ * __ 

(lx 2{\-^x)s/l—X 

' __ 1 _ ’ 

dy 1 

QY - S3 _ . 

dx '(\^x)s/i—ij^ 


(6) Differentiate y=Vi^‘ 

We may write this 

^ ^ ^ X —-~J. 


Differentiating (l+o?-)"^, a^ahown in exercise (2) 
above, we get* * 

dx x/(i+a?“)*^ 

. so that , 

dy_ ^tjx _ s/31^ „s/^(34-£P®) 
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•,_i_ 

(7) Differentiate y = 

Let V^£t;^+a:+<3e=«fc 

^-14. 

dx~~ dx 

■ 

y =; an^ ^=3%^ 3 (,r+V+a? -f a)\ 

Now let (a?-+.r+«)* = v and (j^^x+a) = w. 


~- = 2a?+l; 
dx 




dv _ f??; r??/; 

^/a*"" (hv dx 


\ (.r^+x'+ ay^x 4-1). 


„ iht ^ . ^x+l 

dx 2 v' a/"* 4" .it* 4" fit 

tZ// _ dif ^ tZ?/ 
dx~^dll dx 

= 3(x+Vx-*+-i+^)2(l 

I/d -t- ''y*^ ^ fn^— id 
(8) Differentiate y=yl 

We get 

dx ^ ‘ ' /tm I n% — .nd^^dm 


(cd — od^dx 
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Let t«=(a^—and a?^). 

_4 dll I ^7 dv a 

u=v^; _=— tjt; —=—2a?. 

d^ 6 ’ cfo? 

^_1 , , ...j 

Let w=(a*+a:“)i and i«=(a*+a!®). 

1 dw i _« dz „ 

w-z^\ 7 -== 7 ;« **; ,- = 2af. 

dz b dx 

£fo_l , . . , 

<&“3 ^ ^ ^ • 

Hence 

(/.v_^yr .7 ,_1_1 

dx .V (a®- a?2y 4/(^ ~ 

5 

i ^ 

(9||Differentiate? with respect to y®. 

•< disT) nf^_n 

■ . d{^)-hy^-^-VJ • 

(10) Find th^ first and second differential coeflScients 

^aik 

of y^^J{a-x)x. 

dy _x d{[{a-~x)x^) s/{a—x)x 
dxTh dx b 


Let [(a T,a?)a ?]^=u and let (a— x)x = w\ then u = 
(^u .i ' 1 1 

-sr-?<7 a=-j =- j===x=z^. 

dw 2 2 t(?T ^»J{a-^x)x 
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dw 


dx 


2a?. 


du ^dw_du^ 


a“«2a? 


dw dx dx 2\/{a—x)x 

Hence 

« 

dy a?(a—2a?) V(a~a?)a? _ a?(3a—4a?) 


+ 


b » 2bs/{a—x)x 


dx^ 2b\/{a'-x)x 
Now ^ 

(Py _ ^{ap-x)x 

dx' ~ 4Z>‘^(a — a?)a? 

—12aa;+8a;^ 


^b{a — x) )J (a—x)x 

(We sJidll need two last differential coefficients 
later on. See Ex. X. No. 11.) 


M 


Exercises VI. (See pao;e 291 for Answers.) 
Differentiate tlie following: 

( 1 ) y=y/x^+l. (2) y=s/a^+a^ * 



0 ) 


g^-f a?^ 
(g+a?)* 




4/a?*d -g 


4 
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( 

(8) Differentiate with respect to y\ 
(fif) *Differentiate 


The process can be extended to tb^e or more 

differential coefficients, «o tliat = 

tfx cm. dv d,jc 

•Examples. 

(1) If s:r3.iii^; = y=s/^+v, find 

We have 


^h. 

dx 


dv 2 \‘\'V d\ 

dy ^ 


dv 14 o 

— j j A-U/ . 


dx 

28 


(2-v/l+ 


•.“I 


find 


dv 

d§ 


(2) If X = \ V=-,. —r, fi 

dv _*lx{hx--(d) ^ 4. 1 . J_ 

di dt -’ dB iQy/efi 

^ dv 7ir(5a?— 

ri^nce 

an expression in which x must be replaced by its 
value, alid t by its value in terms of 0. 


find 


c2ir 
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We "Ct 

e=Sa-x-, and^,^=V'3— 


Sti" dco _ 1 


(see exampld . 69), and 


So that 



rf*'V2xco="(i 
Replace now fiist to, tlun 0 In its \alue 


Ezercish VII 

•4 


Tou can m\\ successfully try the following (See 
pa<je 291 for Answers ) ^ 

(1) If « = Ja-' r = 3(« + «2), and «'=4, find 

V/ <fx 

(2) If y = z- s/l t/, and , 

J3 + iz 

find • 
ax . 


(3) If 2 /=-^ s=(14«/)';and 

vl-fs • 


« , MW 

find 

ax 



CHAPTER X. 

GEOMETRICAL MEAljriNG OF DIFFERENTIATION. 

If is useful to consider wliat geometr^^ meani^can 
be given to the differential coefficieni 

In the'first place, any function UJL SUUli,' lUl 
example, as or \/x, or ax + b, can be plotted as 
a curve; and nowadays every schoolboy is familiar 
with the process of curve-plotting. 



Let PQBt in Fig. 7, be a portion of a curve plotted 
with respect to the axes of coordinates OX and OF. 
Consider any. point Q on this curve, where the 
abscissa of tHe point is x and its ordinate is y. 
Now observe how y changes' when x is varied. If x 
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t , . 

is m^de to increase by a small increment dx, to the 
right, it will be observed that y also (in Utis particular , 
curve) increases by a small increnient dy (because Ibis 
particular curve happens to be an ascending curve). 
Then the ratio of dy to dx is a measure of •the degree 
to which th^‘curve is sloping up between the two 
points Q and T. As a matter of fact, it can be seen 
on the figure that the curve between Q and T has 
many. dilferen^slopes, so that we cannot very w'^11 
spe^^^f the d|Be of the curve between Q and T. If, 
howver, Q am T are so near each otheF that the 
small portion QT of the curve is practically straight, 

then it is true to say that the ratio is the slope of 

the curve along QT. The straight line QT produced 
on side touches the curve along the portion QT 

onlj^fand if this portion is indefinitely small, the 
straight line will touch the cu^ve at. practically 
one point only, and be therefore a tangent to the 
curve. 

This tangent to the curve has evidently the same^ 
slope as QT, so that ^ is the afcpe of the tangent to! 

(mX j 

the curve at the point Q for vflEsh the value of -j-* isi 


found. 


We have seen that the short expression “ tHe slope 
of a curve ” has no precise meaning, because a curve 
has so many slopes—in fact, every srag-ll portion of a 
Curve has a different slope. “ The slojffe of a curve at 
” is, however, a Jierfectly defined thing; it is 


a 



78 


CALCULUS MADE EA@Y 


the slope of a. very small portion of the curve situated 
just at that point; and we have seen that this is the 
saiUc as “the slope of tlie tangent to the curve at that 
point.” 

Observe that dx is a short step to the right, and 
dij the corresponding short step upwards. These 
steps must be considered 'as short as possible—in fact 
indefinitely sliort,—though in diagrams we have to 
represent them by bits that aie not iiifinitosimally 
small, otherwise they could not be seen. 


We Vudl hereafter make considerable use of this 

cirmmstavee that repreeeuts the slope of the curve 
at any point 



If a curve'is sloping up at 45° at a particular point, 
as in fig. 8, dy and dx will be equal, and the value 
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If.the curve slopes up steeper than 45® 9X 



Fio. 9. IiG. 10. 


If the curve* slopes up vcry^iently, as in Fig. 10, 

will he a fraction smaller than 1. 
ilr 

Yov^ horizontal line, or a horizontal place m a 



Fio. 11. 


If a curve slopes downward, as in ^ig. 11, dy wilF 
be a step down, and rfust therefore be reckoned of 
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negative value; hence will have negative sign 
alscv 

If the “curve” happens to be a straight line, like 
that in Fig 12, the value of will be the same at 
all point# along it. In other Words its slo'pe is constant. 



If a curve is one that turns more upwards as it 

. cJ.'H 

goes along to the light, the values of -* will become 



^greater and grater with the increasing steepness, as 
in Fig. 18. 
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* ft 

If a curve is one that gets flatter and flatter as it 

d'lf 

gdes along, the values of ~ will become smalltir, ajad 

CfjJL 0 

smaller as the flatter part is reached, as in Fig. 14 



/ If a curve first descends, and tlien goes up agaia 
as in Fig. .15, presenting a concavity upwards, then 

clearly will first be negative, with diminishing 

values as the curve flattens, then %ill be ZQv^',a.t the 

I 

point where the bottom of the trough of the*curve is 

reached; and from this point onward will have 

positive values that go on increasing. In such a case y 
is said to pass through*, a minimum. The minimum 
value of y is.not necessarily the smalle|;t value flf y, 
it is that value of y corresponding to the bottom of 
the trough; for instance, in Fig. 28 (p. lOi), the 
value of y corresponding to the bottom of the trough 
is 1, while y takes elsewhere values whicli are smaller 
than this. The characteristic of a miiimum is that* 
y must increase on e%ther^%de of it. 

< if -..«r ---My ‘ 
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^ N.B .—For the particular value of w that makes 

dv 

y a Ti^dnimum, the value of = 0. 

If a curve first ascends and then descends, the 

values will be positive at first; then zero, OvS 

the summit is reached; then negative, as the curve 
slopes downwards, as in’Fig. 1C. In this case y is 
said to pass through a maximum, but the maximum 
v,alue of y is not necessarily the greatest value of y. 
In Fig. 28, the maximum of y is 2}, but tliis is by no 
means* tilt greatest value y can have at some other 
point of the curve. 




Fio. 17. 

N.B .—For the particular^^lue of x that makes 
y a^ioaximum, the value of t 

If a curve has the particular form of Fig. 17, the 
values of will always be positive; but there will 
be one particular place where the slope is leaat steep,, 
where the vaRie of ^ will be a minimum; that is* 
less than it is at any other part of the curve. 
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(Jtt 

If *a curve has the form of Fig 18, the value of 

will be negative in the upper pa^t, and positive ^n^the 
lower part; while at the nose of the curve where it 

becomes actually perpendicular, the value bf -j- will 
be mnnitely great. 



■’ 7 

Now that we understand that measures wio 

erar • 




steej)ness of a curve at any point, let us turn to some 
of the equations which we have already learned how 
to differentiate. ^ 


(1) As the simplest Case take this: 

y=x+h. 

It is plotted out in Fig. 19, using equal scales 
for X and y. If we put i»=sO, then the corresponding 
ordinate will be that is to sajj, the “curve 

crosses the ^-axis at the height A From here it 
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I 

ascends at 45®; for whatever values we give to x to 
the right, we have an equal y to ascend. The liue 
lias'a'gradient of 1 iq 1, 

Now differentiate y=^X'\-h, by tlie rules we have 


already lefifrncd (pp. 22 and 2G ante), and we get 


dx 


1 . 


The slope of tlici line such that for every little 
step dx to the right, .we go an equal little step dy 
upward. And this slope is constant—always the 
sritne slope. 



Fia. 19. Fig. 20. 


(2) Take another case: 

y = (Ui^ + b. 

We know that this curve, like ttie preceding one, will 


startf' from a height b on the v-axis. But before w'e 
draw the curve, let us find its slope by differentiating; 


... du 

which gives us 


The slope will be constant, at 


an angle, the tangent of which is here called a. Let 
^us assign to a sfeme numerical value—say J. Then we 
must give it such a slope tliat it ascends 1 in 3; or 
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■ 

dx will be 3 times as great as dff ; as magnified in 
Fig. 21. So, draw the line in Fig. 20 at this slqpe. 



Fio.•21. 


(3) Now for a slightly hardor case. 

Let y — ax' + 0. 

Again the curve will start on the //-axis at height 
h above the origin. 

Cj 

Now ditfcrentiale. [If you have forgotten, turn 
back to p. 20; or, rather, (lo7it turn back, but think 
out the differentiation.] 



qTT X 


Fia. 22. 


This shows that the steepness will ribt be constant : 
it increases as x increa^s. At the starting point P, 
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where a; = 0, the curve (Fig. 22) has no steepness 
—thaj. is, it is level. On the left of the origin, whefe 

X has negative values, will also have negative 
values, or‘will descend from left to right, as in the 


Figuie. 

Let us illustrate this by working out a particular 
instance. Taking the Equation 




and difFerqntiftting it, we get 


1 ^/ 

dx 



Now assign a few successive values, say from 0 to 
5, to x; and calculate the coi responding values of y 

by the first eejuation; and of from the second 

(f •/ 

equation. Tabulaijing results, wc have: 


X 

1 

0 

« 

1 

2 

3 

4 

5 

y 1 

1 

3 

CO 

4 


7 


(Lv 1 

1 

0 

i 

1 

« 

li 

2 

2i 


Then plot them out in two curves, Figs. 23 and 24 
in Fig. 23 plotting the* values of y against those of x 

and in Fig. 24 those of ^ against those of x. For 
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The following examples show further applications 

of the principles just explained. 

« ^ 

(4) Find the slope of the tangent to the curve 


y 



at the point wh(‘re — 1* Find the angle which this 
tangent makes with tlie eurvt* // = 2./*^4-2. 

,The slopo of the tangent is ^1)' .slope of the curve at 
the point wluTe they touch one another (.see p. 77); 


that is, it is ilie of the curve for that point. Here 

dif 1 , ^ f ^ dy 1 1 ’ I • n 

n .> und lor .T=—J, / = —X, which is the 

ax 2,x- (lx 2 

slope of the tangent and of tlie curve at that point. 

The tangent, being a st’’aight line, has for equation 

• j 

y = ax + hy and its slope is — a, lienee a= Also 
if ,r= —1, = tangent 


passes by this point, the coordinates of the point must 
satisfy tile equation of the tangent, namely 


?/=-.'a"+U! 

*1 * 

SO that 2} = — rtX( —1) + & and & = 2; the equation of 

] 

tlie tangent is therefore y— — 

Now, when two curves meet, the intersection being 
'll point commcti to both curves, its coordinates must 
satisfy the equation of each'one of the two curves; 
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I 

that is, it must be a solution of the system of siniul- 
tancous equations formed by coupling together the 
equations of the curves. Here itlio curves meet 'one 
another at points given by the solution of 

y = 2^*H2, 

iy=--J.>c + 2 or 2= — ^.^*4-2; 

that is, i) = 0. 


This equation has for its solulions .r = 0 and .r = 
The slope of the curve //=2.>r“-f-2 at any point is 

iJy 

d.v 


-]• 


4 ./’ 


For the point where = this slope is zero; the curve 
is horizontal. For the point vliere 




t’ ilf 


hence the curve at that })oint slopes downwards to 
the liirht at such an anole 0 with*the horizontal that 
tan (9=1 , that is, at to the horizontal. 

The slope of the straight line is — J, that is, it slopes 
downwards to the right and makes witR the horizoiital 
an angle (j> such th^^ tan</> = ^, that is, an angle of 
26° 34'. It follows that at the first point the «urve 
cuts the straight line at an angle of 26"' 34', while at 
the second it cuts it at an angle of 45'" — 26° 34' =f 1 S'" 26'. 


(.5) A straight line is to be drawn, through a point 
whose coordinates are a? = 2, as tangent to the 

curve = —5a?+6. Find the coordinates of the' 

point of contact. * 
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The slope of the tangent must be the same as the 

Che curve ; that is, 2.v — -3. 
dx t 

The equation of the straight line is = and 

as it is satisfied for the \alues a? =2, y=—1, then 

— I = ax2 + ^#; also, its ^ = « = 2£r—5. 

ahj 

The x and the y of*the point of contact must also 
satisfy both the equation ^f the tangent and the 
equation of the curve. 

We have th^n t 


y=:qP“5.>'-f-6,. 

.(i) 

y-cM'^hy ... 

.(ii) 

— ] . 

.(iii) 

a = 2a7--5, . 

.(iv) 


four equations in «, h, x, y. 

Equations (i) and (ii) give oi^—bx-¥^ = ax+l}. 
Replacing a and*^ by tlieir value in this, we get 

—5A;4-C = (2a:*—5)^—1 - 2(2.r —5), 


which shiiplifiCs to —4.x'+3 = 0, the solutions of 
which are: u; = 3 and x=\. R^lacing in (i), we get 
2 / = (j^and #/== 2 respectively; the two points of contact 
are then ir? = 1* y = 2; and .r = y = 0. 


Aofc. 5 -~In all exercises dealing with curves, students 
will find it extremely instructive to verify the deduc¬ 
tions obtained bv actually plotting the curves. 
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Exercises VIII. (See page 2})1 for Answers.) 

(1) Plot the curve y—lx' — b, using a scrie, of 
millimetres. Measure at poin^s corresponding to 
different values of .r, the angle of its slo^e. 

Find,hy differentiating the equation, tlie expression 
foi slope; and see, from a Table of Natural Tangents, 
whether this agrees with the measured angle. 

(2) Find what will bo slojie of the curve 

y- 

at the particular point thjWias as abscissa jr*=%2. 

(3) If ?/ = (a?—rt)(j7 —dRhow that at the particular 

point of the curve where ^'^-0, x will have the value 
K«4-6). 

(4) Find the of the equation «/ = a’^+8^’; ajid 

. dv 

calculate the numerical values points 

corresponding to .r = 0, x—\,x — \, x — 2. 

(5) In the curve to which the equation is ,z'-+ 2 /“ = 4, 
find the values of x at tliose points where tlic slope = 1. 

(6) Find the slope, Xt any point, of the cifrve who.se 

equation is ^2 + 22 “^*^^^ numerical value 

of the .slope at the place where x — 0, and «at that 
where a7= 1. 


(7) The equation of a tangent to the curve 
y=5 —2£t‘+0*5a^, being of the form y=mx+n, where 
m and n are constants, find the value of m and n if 
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the point where the tangent touches the curve has 

X ~ 2 for abscissa. 

c 

(8) At what angle* do the two curves 

— S'5x~ -f 2 and y = +9*5 

cut one another ? 

(9) l\ing('nts to the cuiA’e //= + v ^25 — ^re drawn 
at points for which ,^*--*8 and x~ b the value of y being 
positive. Kind the coordinate^ of tlie point of inter¬ 
section of tile tanjjfents and their mutual inclination. 

(10) *A straight line y — %r — h touclies a ciir\e 
^-3,/r4-2 at one point. What are the coordinates 
of the point of contact, and what is tlie value of b ^ 



CHAPTER XL 

MAXIMA AND MINIMA. 

t 

A QUANTITY which varies ccflil jiuiously is said to 
pass by (or through) a maxiiiiuiii or iniriiiiium velue 
whou, in the course of its variation, the immediately 
preceding and following values are bfith smaller or 
greater, lespectively, than lh<‘ Milue referred to. An 
intinitely great, value is theretore not a maximum 
value. 

One of the principal uses 
of the process of diffeien- 
tiating is to tind out undei 
what conditions the valm 
of the thing differenii.iti d 
becomes a maximum, or 
minimum. This is often ex¬ 
ceedingly important in en¬ 
gineering questions, where 
it is most * desirable^ to 

know what conditions will make the cost of working 
a minimum, or will make the efficiency a maximum. 

Now, to begin with a conciete case, let us take the 
eejuation y=x^—^x4r*^. 

By assigning a number of successive values to a;, 
and finding the corre8|tonding values of y, we can 
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readily aee that the equation represents a curve with 
a mimmuTii. 


.r 

1 0^ 

1 

•2 3 

4 

5 

y 


4 

CO 

7 

’ 

12 


These values arc plotted in Fig. 20, which shows 
that // has apparently a Aiininium value of 3, when x 
is nia(l(' ecjual to 2.*' Lut are you sure that the 
minimum occurs at 2, and not at 2J or at 1J ? 

Of course it would be possible with any algebraic 
expression td work out a lot of values, and in this 
way arrive gradually at the particular value that 
may be a maximum or a minimum. . 



Here is another example: 

Let* aj®. 

Calculate a few values thus: 


■ 


0 

DD 

3 

4 

5 

y 1 

-4 

0 

2 

H 

0 

-4 

-10 
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• 

Plot these values as in Fig. 27. 

• It will be evident that there will be a maximum 
somewhere between x—1 and e' = 2; and the thing 
looJcft as if the maximum value of y ought to be 
about 2^. Try some intermediate values. • If 
v/ = 2 * 187 ; if y = 2 25; if .it; = 1-6, y = 2 * 24 . 

How can we be sure that fi’25 is the real maximum, 


or that it occurs exactly when ft' = 1J ? 

Now it may sound like juggling to be assured that 
there is a way by which one can arrive straight at a 
maximum (or minimum) value without making a lot of 
preliminary trials or guesses. And that way depends 
on difierentiating. Look back to an earlier page (81) for 
the remarks about Figs. 14 i nd 15, and you will see 
that whenever a curve gets cither to its maximum 


or to its minimum height, at that jioint its 


Now this gives us the clue to the dodge that is 
wanted. When there is put before you an equation, 
and you want to find that value of x that will make 
its y a minimum (or a maximum), diffeventicUe 


it, and having done so, write its as ^eq^l to zero. 


and then soive for x. Put this particular value*of x 
into the original equation, and you will then get the 
required value of y. This process is common]^ called 
“ equating to zero.” 

To see how simply it works, take the example with 
which this chapter opens, namely 


4a?H-7. 
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Differentiating, we get: 

— 4 . 

M — ^nA/ ^ 

flJC 

Now equate this to zero, thus: 

2x — 4 = 0. 

Solving this equation J'or x, we get. 

2r = 4, 

*• 9 

Now, we know that the lu.iximum (or minimum) 
will occur exactly when x = 2 

Putting th6 \alue ^* = 2 into the original equation, 
we get ?/ = 2--(4 x2) + 7 

‘ = 4 -^ + 7 

=a 

Now look luck at Fig 2t>, and you will see that the 
mininiuin occurs -when a? = 2, and that this inininium 
of // = ri. 

Try second axainple (Fig. M), which is 

DifFerputiatijig, 

Equating to zero, 

, a-2./* = 0, 

whence ' .r = lj,* 

and putting this value of x into the original equation, 

we«nd: 2/ = 4J-aixlD. 

^=2J. 

This gives us ^ exactly the information as to which 
^the method of trying a lot of. values left us uncertain. 
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mIxima and minima 

Now, before we go on to any further cases, we have 
two remarks to make. When you are told to equate 

^ to zero, you feel at first (thaf is if you have any 


wits of your own) a kind of resentment, bemuse you 

know that ~ has all sorts of difiorent values at 
ax • 

different parts of the curve, acaording to whether it 
is sloping up or down. So, when you are suddenly 
told to write 



you resent it, and feel inclined to say that it can*t W 
true. Now you‘will have to understand the essential 
difference between “an equation,” and “an equation 
of condition.” Ordinarily you are dealing with equa¬ 
tions that arc true in themselves, but, on occasions, 
of which the present are examples, you have to write 
down equations that are not necessarily truiq|||at are 
only true if certain condit|j|8 are to bo fulfill^ • and 
you write them down in order, by solving them, to 
find the conditions which make them ftue. Now we 
want to find the particular value that x has when 
the curve is neither sloping up nor sloping down, Jhat 

is, at the particular place where = So, writing 

=0 does not mean that it always is =0; lJut you 

write it down as a condition in order to see how 


dx 


much X will come out if is to be zA*o. 


C.M.S. 


o 
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The second remark is one which (if yon have any 
wits of your own) you will probably have already 
made: namely, that, this much-belauded process of 
equating to z(to entirely fails to tell you whether 
the X thet you thereby find is going to give you 
a TiuLcioitum value of // or a minimum value of y. 
Quite so. It does not of itself discriminate; it finds 
for you the right value of x but leaves you to find 
out for yourselves whether the corresponding y is a 
niaxiinuni or a minimum. Of course, if you have 
plotted the c;ir\ e, you know already which it will be. 

For instance, take the equ.ition: 

.V=4a;+i. V 


Without stopping to think what curve it corre- 
sponi^ to, diflerentiate it, and equate to zero: 

-y^ = 4 —= \ = 0; 

CK a;- 


whence a?=4; 

and, inserting this value, 

‘ A 

y = 4 

will be either a maximum or ^Ise a minimum. But 
w'hich ? You will hereafter bji told a way^ depending 
upon a second differentiation>(see Chap. XIL, p. 112). 
But at present it is enough if you will simply try 
any other value of x difiering a little from the one 
found, and see whether with this altered value the 
corresponding*, value of y b less or greater than that 
tilready found*'^ 
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Tiy another simple problem in maxima and minima 
Suppose you were asked to divide any number into 
two parts, such that the product was a maximilm? 
How would you set about it if you did not know 
the trick of equating U) zero? I supjjosetyou could 
worry it out by the rule of try, try,‘try again. Let 
60 be the number. You cifn try cutting it into two 
parts, and multiplying them together. Thus, 50 times 
10 is oOO; 52 times 8 is 416; 40 times 20 is 800; 45 
times 15 is G75; 30 times 30 is 900. This looks like 
a maximum: try varying it. 31 tiiilfcs Ii9 is 899, 
which is not so good; and 32 times 28 is 896, which 
is worse. .So it seems that the biggest product will 
be got by dividing into two c(iual halves. 

Now see what the calculus tells you. Let the 
number to be cut into two parts be called n,^^lieu 
if X is one part, the other will be n — x, and th^B||duct 
will be x{u — x) or nx — x. So we write y^nh-^x^. 
Now differentiate and equate to zero; 

2a?=0. 

ax 

Solving for x, we ge^ 2 ~ 

So now we 4cnow whatever number n may be, 
we must divide it into two equal part.s if the product 
of the parts is to be a maximum; and the ^alue of 
that maximum product will always be = Jri®. 

This is a very useful rule* an^^ applies to any number 
of factors, so that if ciftistant number, 

mxn'Ap is a maximum*when m=n=»5p. 
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Teat Case, 

Let us at once apply our knowledge to a case that 
we can test. 


Let y=x^—x\ 

and let us find whether this function has a maximum 
or minimum; and if so, test whether it is a maximum 
or a minimum. 

Differentiating, we get 


ax 


Equating to zero, we get 
2.*?-l = 0, 
whence 2a!;=1, 


or x=\ 

That is to say, when x is made = the corresponding 
value of y will be*either a maximum or a minimum. 
Accordingly, putting in the original equation, we 

or '/=-i. 

. 4 ‘ 

this a maximum or a minimum ? To test it, try 
putting X a fcittie bigger thaw -J-,—say make a;=0*6 

Then y =(0*6)2 - 0*6 = 0*36 - 0*6 = - 0*24, 

which is higher up than —0*25; showing that 
y= —0*25 is a minimum. 

Plot the curve for yourself, and verify the cal¬ 
culation. 
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Further Examples, 

'A most interesting example is afforded by a ^urve 
that has both a maximum and a minimum. Its 
equation is: 3a* +1. 

Now a?®—457+3. 



Equating to zero, we get the quadraflc, 

x%- 4a7+3 = 0; 

and solving tjie quadratic gives us two roots, viz. 

*ra?=3 

U=l. 

Now, when 57 = 3, y = l; and when 57=1, y = 2j 
The first of these is a mixymum, the second a 
maximum. • 

The curve itself ma 3 ^ be plotted (as in Fig. 28) 






102 CALCULU,e MADE EASY 

from the values calculated, as below, from, the 
original equation. 


a- -1 

-1 

0 

1 

2 3 

4 

5 

6 


1 

n 

H 1 


_ 

19 


A furtluT exercise, in inaxiiiia and minima is 
afforded by the following cxaiiqAe : 

The equation to a circle of radius r, having its 
centre C at fhe point whose coordinates are x = a, 
y = as depicted in Fig. 29, is: 

This may be transformed into 



Now we kbow beforehand, by mere inspection of 
the figure, tb«t when , 0 ?=* a, y will be either at its 
» maximum val«e, 5+^, or else at its minimum 
value, 6 — r. But let us not* take advantage of this 
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knoidiedge; let us set about finding what value 
of X will make y a maximum or a minimum, the 
process of differentiating and equating to zero. * 


_I 

dx 2>Jr'‘—{x—af 


(2a— 


which reduces to 
dy_ 


a—x 


dx 

Th^Hl^he condition for y being snnximum or 
minimum is: 

a-x 

• — 7 =-=i=.=rTr-=a0. 

Since no value whatever of x will make the de¬ 
nominator infinite, the only condition to give zero is 


X == a. 

Inserting this value in the original equation for 
the circle, we find _ 

y=Jr^-{‘h\ 

and as the root of F is either -f r or we have 
two resulting values of y, 

\y^h-r. 

The first of these is the jnaximum, at the top; 
the second the minimum, at the bottom. 
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If the curve is such that there is no place that is a 
maximum or minimum, the process of equating to 
zero will yield an inlpossible result. For instance: 

Let y — aa^-^hx-^c. 

Then ^ + h. 

ax 

* b 

Equating this to zero, we get 

and which is impossible, supposing a and h 

V t\a 

to have tt»e same sign. 

Therefore y lias no maximum nor minimum. 

A few more worked examples will enable you to 
thoroughly master this most interesting and useful 
application of the calculus. 

(1) What are the sides of the rectangle of maximum 
area inscribed in a circle of radius R ? 

Jf one side be called a?, 

|i(flie other side = s /(diagonal )^ — a?®; 
and as ^he diagonal of the rectangle is necessarily a 
diameter, the other side = 

Then, area of rectangle 

(lx dx dx 

If you have forgotten how to differentiate sf ^R^ — 
here is a hint: write and and 

dw 

get on refer to page 67. 


seek and ; fight it out, and only if you can’t 
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You will get 

_^ 




4/y —2i!^ 
s/ 4/?^—£t?* 


For maximum or minimum we must have 

4ig^—2a?^ — n • • 

that is, 4jB^~2.r® = 0 and .r — Ii\/2. 

The other side = \/ 47^“^ — 2/f- = R \/2 ; th%^wo sides 
are equal; the hgure is a sijuarc the.side o£ which is 
equal to the diagonal of tl)e sijiiare cgnstruc^-cd on the 
r^i.U§, In this case it is, of course, i maximum with 
which we arc d6aling. 


(2) What is the radios of tlic opening of a conical 
vessel the sloping side of which has a length I when 
the capacity of the vess<d is greatest ^ 

If ^ be the radius and // the corresponding height, 

H=JF^K 4 

Volume F= nrlP X —-^r- * . 

o o • 


Proceeding as in t^c previous problem, we get 


dV 

dli 


=-T:Sr X 


R 


2irR 

3 




JLirR(P-ir^)-TrR^ ^^ 

for maximum or minimum. , 

Or, ^irRiJP — IP )— irR^ =0, and R = f \/^, for a maxi¬ 
mum, obviously. 
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(3) Find the maxima and minima of the function 


ti 




X 


4 — ^* 


4" 


4 — 37 


X 


We get 

. -a?-(4-a;) _. 
dx (4 —£f)^ x^ 

k 

for maximum or miuunum ; or 


77-^—:5 —4; = 0 and 37=2. 

(4 — 37)^ 

There fs only one value, hence only one maximum 
or minimum. 


For 37 = 2, ?/ = 2, , 

for X = 15, // = 2*27, 
for x = 2-5, if = 2’27 ; 


it* is therefore a minimum. (It is instructive to plot 
the graph of the function.) 


(4) Find the maxima and minima of the function 
f/~ s/i +x-hs/l—x. (It will be found instructive to 
plot the graph') 

Differentiating gives at onc% (see example No. 1, 



% 


b 1 _ 

dx 2\/\+x 



for maximum or minimum. 

Hence and 37 = 0 , the only solution 

For 37=0, 2/=»2. 

For a?= ±0*5, y = 1932, so this is a maximum. 
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(6). Find the maxima and minima of the function 
We have 

r///_(2.r^4)x2;r—(,r2-5)2_, • 

(lx (2u? — +)“ 

for maximum A minimum ;*or 

2.r“ —8.r+]0 * 

"~(2jr-4,Y 

or —4a?+5 = 0 , which has loi solutions 

/ • • 

x=? + J-\ 

These being imaginary, then* is no real value of x 

fly 

for which -,- = 0. hence there is neither maximum nor 
ax 

minimum.. 

(6) Find the maxima and iniiiiraa of the function 

ft * 

This may be written ij~x'^±,x^, 

“ = 2a*± ? = 0 for maximum or minimum; 

. d/X “ • ’ 

that is, x(2±^x^) — 0, wliich is satisfied for a:* = 0, 

and for 2±fa?^ = 0, ftiat is for x=l% So’tliere are 

two solutions! ^ • 

Taking first x = 0. li x= 2 ^ = 0 25± 4/ — (’*5)^, 

and if 3?=+0*5, y=0*25± v^(*5)^ On one sMe y is 

imaginary; that is, tliere is no value of y that can l^e 

represented by a graph; the latjier is therefore entirely 

on the right side of the axis of y (see Fig. 30). 

On plotting the graph it will be found that the 
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r 

curve goes to the origin, as if there were a minimum 
therebut instead of continuing beyond, as it should 
do for a minimum, ib retraces its steps (forming what 
is called a “ cusp ”). There is no minimum, therefore, 
althougli <tlie condition for a minimum is satisfied, 


namely 



It is necessary therefore always to 


check by taking one vhIuo on either side. 



< Fig. 30. 


Now, if we takex*= § =0’G4. ^If = 0 64, y=0*7373 
and 1/ = 0-0819; if a* = 0-6, y becomes 0-63ii9 and 0 0811; 
and if a? —0 7,V becomes 0*899^ and 0 0804. 

This ?hows that there are two branches of the curve; 
the upper one does not pass through a maximum, but 
the lower one does. 

i 

(7) A cylindfer whose height is twice the radius of 
the base is increasing in voluhee, so that all its parts 
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keep Always in the same proportion to each other; 
that is, at any instant, the cylinder is similar the 
original cylinder. When the mdius of tlie base* is 
r feet, the surface area is increasing at the rate of 
20 square inches per second; at what rate ^er second 
is its volume then increasing ? 

Area = S= 2(7rr-) + X 2r = 

Volume = V— 7rr- X 2r ~ 2Trr\ 


(IS ,(Ir fir 20 

(it (ft (ft IZTTf 

(IV ^ .,(lr , 

-i- = 07 rr*'; and 

(It (it 


~dt~' i-lirl- 


lOr. 


Tlie volume changes at the rate of lOr cubic inches 
per second. 


Make other examples for yourself. There are few 
subjects which ofter such a wealth for interesting 
examples. 

■ t 

Exercises /X (See ^age 292 for Answers.) 

(1) What values of x will make y a maximum 

and a minimum, if y = ~^Tpi ^ 

(2) What value of x will m^ke y maximum in 

oc 

the equation 
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(3) A line of length is to be cut up into 4. parts 
and put together as a rectangle. Show that the area 
of 'the rectangle wKl Ije a maximum if each of its 
aides is equal to \p. 

(4) A jViece of string 30 inches long has its two 
ends joined together and is stretched by 3 pegs so 
as to for*m a triangle. What is the largest triangular 
area that can be enclosed by the string ? 

{Hint : Apply last three lines of p. 99.) 

(5) Plot the curve corresponding to the equation 


dn 


10 , 10 


X 


also find , o-nd deduce the value of x that will 
dx 


make y a ininiinuin; and find that minimum value 
of //. 


(6) If find what values of x will make 

y a maximum or a minimum. 

(7) What is the smallest square that can bo in¬ 
scribed in a given 8i|uare ? 


(8) Inscribe in a given conef the lieight of which 
is 6qual to the radius of the bas%, a cylinder 
(a) whose volume is a maximum; (6) whose lateral 
area iu a maximum; (c) whose total area is a 
maximum. 


(9) Inscribe^ in a sphere, ~ a cylinder (a) whose 
volume is a Maximum; (6) whose lateral area is a 
maximum; (c) whose total area is a. maximum. 
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# 

(lOyA spherical balloon is increasing in volume. 
If; when its radius is r feet, its \olume is increasing 
at the rate of 4 cubic feet per second, at what rah^ is 
its surface then increasing ^ 

(11) Inscribe in a given sphere a <50116 whose volume 
is a maximum 


(12) The current C given by battery of N similar 
voltaic cells is C= ^ " a , wluie E, II, r, are constants 


and H is the number of cells coupled in series Find 
the proportion of n to N for which the current is 
greatest 



CHAPTER XII. 

4 

CURVATURE OF CURVES. 

ty 

Returning to the process of successive differentia¬ 
tion, it may be asked: Wiiy (k)es anybody want to 
differentiate twice over ? We know that when the 
variable {:(uantilies are space and time, by differ¬ 
entiating twice over we get the acceleration of a 
moving body, and that in the geometrical interpreta- 



it means the rate (per unit of length x) at which the 
slope is changing—in brief, it is an iti^a/tian of the 
manner in the slope of the p^ion of curve 

considered v^es, that is, whether the slope of the 
curve increases or decreases when x increases, or, in 
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other, words, whether the curve curves up or down 

towards the right” .. .... 

Suppose a slope constant, as in* Fig. 31. 

Here, is of constant value. 

* dx ^ 

Suppose, however, a case in which, like Fig. 32, 
the slope itself is getting• greater upwards; then 

d 



^ poaitive. 

If the slope is becoming loss as you go to the 
right (as in Fig. 14, p. 81), or as in Fig. 33, then, 
even though the curve ma}^ be 
going upward, since the change , 
is such as to diminish its slope, 

its will be negative. 

It is now time to initiate 
you into another secret—how 
to tell wheth^ the result that 
you get by “jpuating to zero ” 

is a maximum or a minimum. The trick is this : After 
you hs-ye.jjjif'erentiated (so as to get the expreijpion 
which yod equate to ^ero), you then differentiate a 
second tipie, and look whetl^tlie result of the second 

differentiation^Ss positive m negaiive. If comes 



Fio. 33. 


I. W 1 


out positive, then you know •that tfie value of y 


[null II l | I II 1'— I V *|W» VW»r ^ 1 »WO A ^ I * I f * 

which you got was a ; but if a 


comes 


O.M.E. 


H 
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out 'iieqntivr, then the value of y which you Rot raijst 
be a 'f^aximum That's the rule. 

The reason of it Oii^ht to be quite evident. Think 
of any curve that has a minimum point in it, like 
Fig. 15 (p 81), or like Fig. 34, where the point of 
ininimuiii // is marked M, and the curve is concave 
upwards To the left of M tlie slope is downward, 
that is, negative, and fs getting less negative. To the 
right of M the slope has b(‘eoine upward, and is 



Fw Fig. 36. 


getting more and more upward. Clearly the change 
of slope as thd^ cune passes through M is such that 

. * > is 2^ositive, for its operation,<as x increases toward 

M** y 

the right, is, to convert a downward slope into an 
upward one. 

Similarly, consider any curve that has a maximum 
point in it, like Fig. 16 (p. 82), or like Fig. 35, where 
tlie curve is to7ivea^ and the maximum point is 
marked M. this case, as the curve passes through 
M from left to right, its upward slope is converted 
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into -a downward or negative slope, so that in this 

case the “ slope of the slope ” is negative. 

Go back now to the examples of the last chapter 
and verify in this way the conclusions arrif ed at as to 
whether in any particular case tliere is a maximum 
or a minimum. You will find below a few worked 
out examples. 

(1) Find the maximum or minimum of 

(a) y = 4a?” — 9x* ~ (); (/>) // = 6 -r 4»i?^; 

and ascertain if it be a iiiaximurii or a minimum in 
each case. 

(a) = 8 : 1 ? —9 = 0; and//=—11 005. 

g~ = 8; it is + ; hence it is a minimum, 
(6),?.^=9-Sa;=0; a; = li; and ?/=+11-()C5. 

-jA,= — 8; it is —; hence it is a maximum, 

t (lX“ • * 

(2) Find the maxjma and minima of the function 
2^=a?3-3£e?+16. 

^=3d :*^—3 = 0 ! u^ = l; sbud x=±l. 

^=6® ; for3: = l; it is +; 

hence a7=l corresponds to a «iinimum y=14. For 
aj = — 1 it is —; hence a7 = — 1 corresponds to a maxi¬ 
mum 2 ^=+18. * 
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(3) Find the maxima and minima of ^ = -^ 7 - 0 * 

tZ/“ H" 4 

'd//_(x‘+2) X 1 —"(a';— l)x 2 *_ 2 a ?—*®+2 „. 
de~ ^ (i^+2f ~ (a?*+ 2 )= 

I 

or — 2^'—2 = 0 , whose solutions are £r .'=+2 73 and 
iP=-0‘73. 


it\t/ _ 2)“ x(2‘.r —2) —(.1?" — 2j?-~2)(43:‘^-f 8.1;) 

2.7r^ — 6x* — 8;j?^ — 8jr;2 — 2^x +8 


The d(‘noiuinator is always positive, so it is sufficient 
to ascertain the sij^n of the numerator.* 

If we put ;r = 273, the numerator is negative; the 
maximum,// = 0183. 

If we put X— —()’73, the numerator is positive ; the 
minimura, y— — 0'tj83. 


(4) The expense <J of handling the products of a 
certain factory varies with the ^vi'okly output P 

according to the relation ( 7 =aP+~ 7 ™Fi + c?, where 
^ c-\-P 

(T, h, Cy d are positive constants. For w’hat output 

will tlie expen^ie be least ? «> 


dV _ h 

(c+P)* 


hence a = 


= 0 for maximum or minimum; 

and P= ±'J-“'e. 

• y a 


(c+P) 

4b. /g 

As the output cannot be negative^ P= +\ " 
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Now 
which is 


d^C _ 6(2c+2P) 

positive for all the Values of P; h^nco 


P= + 



— c corresponds to a mininiurn. 


(5) The total cost per hoiw C of lighting 
with^"' lamps of a certain kind*is 





/C, , PPCA 


a buikling 


where Pis the commercial efficiency (waits ^er candle), 


P is the candl(‘ power of each lamp, 
t is the average life of each lamp in hours, 

(7i = cost of renewal in ptmce per hour of use, 

C! = cost of energy pm- 1000 watts per hour, , 

Moreover, the relation conru‘cting tlie average life 
of a lamp with the cominfTcial efficiency at wdiich it 
is run is approximately t—mE'\ where m and n are 
constants depending on the kind of lamp. 

*• Find the commercial efficiency for ^hich the total 
cost of lighting will l^e least. 


W.h... .c.y(C£-+^ 


E 


): 


dC 

dE 


VlOOO ) 


for maximum or minimum. 

loo^. ^ 

mPC. • V mPC. 
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This is clearly for miniraum, since 



^0 

dE^ 





whicli is positive for a positive value of E. 

For a jiartieular typo of 10 candle-power lamps 
C', = 17 pence, 6^* = 5 pence; and it was found that 
W= 10 and= 3*6, 


E 


‘"/loooxao^llT 


Exercises X. (You arc advised to plot the graph 
of any numerical example.) (See p. 292 for the 
Answers.) 


(1) Find the maxima and minima of 

y = — 10.1?-f 8. 

/ dF 

(2) Given ]/- -x — cx“, expressions for and 


d'iff 

for ; also find tlie value of x which makes y a 
dxr 

maximum or 4 minimum, and show whether it is 
maximum or minimum. . 


(3^ Find how many maxima and how piany minima 
there are in tfie curve, the equation to which is 

* T a?* , 07*. 

y-l--2-+^> 


and how many in tha^ of which the equation is 

* , . a** OJ® 
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(4) . Find the maxima and minima of 

y=2a;+l + 4,. 

ur 

(5) Fiy0 the maxima and minima of 

__3 

(6) Find tJi|i^axima and minima of 


•'y.v 
2+ur 


2/ — 0, ■ 


(7) Find the maxima and minima of 

y 


X 




•i 


O 


(8) Divide a number N into two parts in such .a 
way that three times the scjuare of one part plus 
twice the acjuare of tlie other,part shall be e. 
minimum. 


^ (9) The efficiency u of an electri(; generator at 
different values of output x is expressed by the 

general equation: * 

_ 00 _. 

a+bx+cx^' 

where a is a constant depending chiefly on the‘energy 
losses in the iron and c a constant depending chiefly 
on the resistance of the copper* parts. Find an ex¬ 
pression for that value of the output*at which the 
efficiency will be a maxinium. 
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(10) Suppose it to be known that consumption of 
coal by a certain steamer may be represented by the 
formula // = 0*3 + ()'001tr’, where // is the number of 
tons of coal burned per hour and v is the speed 
expressed ‘ in nautical miles per hour. The cost of 
wa^es, interest on capital, and depreciation of that 
ship are together equal, per hour, to the cost of 
1 ton of coal. What speed will make the total cost 
of a voyage of 1000 nautical miles a minimum ? 
And, if coal costs 10 shillings per ton, what will that 
minimum'cosl of the voyage amount to ^ 

(11) Find the maxima and minima of 

__ 

‘(12) Find the maxima and minima of 

p = “kir*—— 2 j?+1/ 
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Partial Fractions. 


We have seen that when we dittcrenti^te a fraction 
we have to perform a ratiior complicated operation; 
and, if the fraction is not itself a simple one, the result 
is bound to be a complicated expression. If we could 
split the fraction into two or more simpler fractions 
such that their sum is e^juivalent to the original 
fraction, we could then proceed by differentiatihg 
each of^hestJ sinujpler expressions And the result of 
differenCmting would be the sunf of two (or more) 
differentials, each one of which is relatively simple; 
while the final expression, though of course it will be 
the same as that which could be obtained without 
^'TasortincT to this dotftje, is thus obtained with much 
less eftbrt and appears in a sil)ciplified form. * 

Let tts see how to iSeach this result.* Try first the 
job of adding two fractions tc^ethet to form a ijesultant 


fraction. Take, for example, the two fractions - —= • 

C\ iC*!* 1- 

Every schoolfcoy can ad(^ these together 


and 


£r —1 


Q/yi I 1 

and find their sum to Re —j-* And in the same 
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way he can add together throe or more fractions. 
jSow^his process can certainly be reversed: that is to 
say that, if tliis last ^pression were given, it is certain 
that it can somehow be split back again into its 
original components or partial fractions. Only we do 
not know in every case that may be presented to us 
how we can so split it.' In order to find this out 
we shall consider a simple cas<? at first. But it is 
important to bear in mind that all wliich follows 
applies only to what are called “proper” algebraic 
fractions, meaning fractions like the above, which have 
the numerator of a Icnser degree than tlie denominator; 
that Is, those in which the highest index of x is less 
in the numerator than in the denominator. If we. 

oeP" "b ^ * 

have to deal with such an expression as 7 V—^, we can 


’simplify it by division, since it is c(iuivalent to 

Us o 

and -. 7 -*^ is a proper algebraic ^||«etlon 


1-b 


— 1 -- 

to which the operation of splitting into partial fractions 
can be applied,*as explained hereafter. 

Case I. If we perform man^ additions of two*or 
more fractions the denominators of which contain only 
terms in x, and no t|rms in x^foPt or any*other powers 
of A*, w'e always find that the d<enomxinator of the filial 
resulthtg fraction is the pi^oduct of the denominators 


of the fractions which were added to form the result. 
It follows that by factorizing the denomii^i^r of this 
final fraction, v^e can find every one of the denomina¬ 
tors of the partial fractions of whicii w^e are in search. 
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Suppose we wish to go back from -"5 ~ i tlie 

1 2 * 

components which w^e know are’—- ^ and - 'If 

iH'T* 1 «l* “ 1 

w'e did not know what those conn)OuentH w’ore w^e can 
still prepare the w^ay by writing: 


3 j" 4" I __ 3*X/'+ 1 ,_ 

a;- —1 l)(a"—1) a*+i u‘—1’ 


leaving blank the places for the miinorators until we 
know w'hat to put there We nlw’^ays may assume the 
sign betw'^een tlie partial fractions to he^dtw, since, if 
it be min'ivs, we shall simply find the corresponding 
numerator to be negative* !Now% since ilie partial 
fractions are i^rojicr fractions, the numerators are 
'^ere numbers without jc at all, and w^e can call them 
4 , i 5 , C ... as w^e please. 80 , in this ca.se, w^e have:. 


3a *+1 


B 


07^ — 1 a; + l ' ® 

XlfPSw, we perform the addition of these tw^o 

.. 1 - i ilfa* —1)+jB(a**4’^) j .i • 

partial fractions, we get - —; and this 

t 3 ./* -f 1 

must be equal to 

nominators in these two expres^pns are the same, 
the numerators must bo e(iual, giving us: 

30* 4-1 =(O’— 1)+l?(a7 4-1) 


Now, this is an equation ^with two unknown 
quantities, and it would seem that w$ need another 
equation before we can solve them and find A and B. 
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But there is another way out of this difficulty,. The 
ec|iia^iori must be true for all values of x\ therefor^ 
it «must be true for* such values of x as will cause 
x—l and x'+l to become zero, that is for x=l and 
for respectively. If we make .x*=l, we get 

X 0)+(Z/X 2), so that B = 2 : and if we make 
.a; = — 1, wo get — 2 (A — 2) + (^X 0), so that A = 1. 
Keplaciiig the A and B Ihi* partial fractions by 

these new values, we find them to become 'V:r and 

—- ] and tlK3 thing is done. 

As a furihiir example, let us take the fraction 


+ 2 j:* — 14 

4* —X — 'i 


The denominiitor becomes zero when 


X is given the value 1; hence ,/•—1 is a factor of it, 
and obviously th(‘n the other factor will be + ; 

and this can again be decomposed into (,»+3)t 
So we may write the fraction thus: 


ABC 

making three partial factors. 

Proceeding as before, we find * 

2^7—4^ ” AfU/ — l)(ii;HtS)+I)(a7-|- 3) 


4-C(a;4-l)(a7-l). 
Now, if wo make . 2 ?= 1, we get: 
-8=(AxO)H-^(2x4)4-(CxO); that is, ^=-1. 

t 

If x= —1, Vie get 

— 12=A( —2x 2)4*(jBxO)-h(CxO); whence A = 3. 
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If a?= ~3, we get: 

16 = (i4 xO)+(i?xO)4'CX“2X —4); whence C^2. 

So then the partial fractions are: 

_3_L. . .2 

,a?+l 

which is far easier to cliffereiitiatc with respect to x 
than the complicated expressioii from which it is 
derived. 


Case II. If some of the factors of the.dcnominator 

^ • 

contain terms in and are not conveniently put 
into factors, then the corresponding numerator may 
contain a term in x, as well as a simple number, and 
hence it becomes necessary to n^present this unknown 
numerator not by the symbol A but by Ax-\-II; the 
rest of the calculation being made as before. 


Try, for instance: 




__ A x-\-B C_. 

(07^4-1 }(«z*4-i) x^l^ 


- x^ - 3 = (A il) (a? +1) 4- Cisc^ 4-1 \ 

Putting a? = — 1, we get ~4 = Cx 2; and 0= —5; 
hence ——3 = (Aa?4-i?)(iP4-l) —2a;®'*-2; 
and a?2 —l = Aa7(^4-1)4--6 (i» 4-In¬ 

putting a?=0, we get — 1 = .B; 
hence , 

07*—l=Aa?(£i?4-l)~^-l; or x'^’\‘Xl^Ax{x+l); 

and a;4“l— 
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80 that A—1, and the partial fractions are: 

£»? —1 _ 2 

V +1 07 + 1 * 

Take as another example the fraction 

a-'’ —2 

(o:7^+^1Xo:;" + 2)’ 

We f^et 

j^ — 2 _^Aa*+J5 Co' + D 

(a?^ + l)(o‘“ + 2) a;^ + l a*^ + 2 

^ _ (A a*+Z?)(a*H 2) + (Ca'+ D ){./"+!) 

U‘^+l)(a72+2) 

In this case the determination of A, B, C, I) is not 
so easy. It will be &iin 2 )lcr to proceed as follows: 
Since the given fraction and the fraction found by » 
adding the partial fractions are equal, and have 
{(let^ticaJ <lenonnnator8, the numerators must also be ] 
identically the same In such a case, and for such 
algebraical expressions as those wnth which we are 
dealing here, the coefficients of the same powers of x 
are equal and^of same sign. 

H(‘nce, since 

a^-2=(Aie+B){j:^+2)+(CxiB)(j^+l) 

={A+£!)x>+(B+£>)3A+(,2A + Ox+2B+D, 


we have ls=A + C; 0 = B+D (the coefl&cient of 
in the* left expression being zero), 0==2A + C'; and 
—2=s2B+D, Here are four equations, from w^h 


we readily obtain A = —1; 2^=—2; C=2; Z) = 0; 

so that the partial fractions are — I * 

^ ar+2 a?*+l 
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This method can always be used; but the method 
shown hi-st will be found the quickest in tlie ct\^se of 
factors in x only. • 


Cane III When among the factors of the denojni- 
nator there aie some which are raised to sofhe power, 
one must allow for the possible existence of partial 
fractions ha\ing for denominator the several powers 
of that factor up to the highest For instance, in 


splitting the fraction 


Sj'*® — 2.r' + 1 

{ju+iy(x-2} 


v\e must allow for 


the possible existence of a denominator'.?*-pi as well 


as and (a*-2) 

It maybe thought however,that, sinc<‘ the numerator 
of the fraction tlie denominator of which is (A'-pl)^ 
may contain terms in x, must allow Irir this in 
writing xix + B for its iiumei.itor, so that 


— 2. f-H C p 

(.?; H-1 - 2) ”” (.r + 1 a:;-M ~ 2 ’ 

If, however, we try to find A, By O and 1) in this case, 
we fail, because we get four unknowns, and we have 
only three relations connecting them, yet 

(a;-f-F) («t'--2) {x+iy^ as-hl 


But if w^e write 


2“pi _ A B , 0 

(A*-P l>(a? - 2) ■“ 1)? “^3?+1 

we get 

3a?« - 2a?+1« 2)H-^(a?+IKa?-2)4-1)2 
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which gives 0= 1 for a:*=2. Replacing C by its value, 
tranf^TKising, gathering like terms, and dividing by 
we get -¥ 20 ;= A+B(x+l), which gives A* —2 
for jj = — 1 Replacing A by its value, we get 

' 2jr=—2 ¥B(x¥1). 


Hence B=2, so that {;he partial fractions are: 

2 '1 _2 1 1 
.X'+l —2’ 


.r-1 1 

“h / ■ • \2 + 


instead 


stated above as being 


the fractions from which ^ was obtained. 

(a7+l)“U’-2) 

The mysteiy is cleared if we observe that 

1 2 

itself be split into the two fractions 


so 


sr+l 

that tbe three fiactions given are really equivalent to 




.+ 


- - + 


aj+1 {x¥\f^x-2' 


which are the ^rtial fractions obtained. 

We see that it is sufficient to allow for one numerical 
term in each numerator, and that we ^ways get the 
ultimate partfial fractions. 

When there is a power of a factor of in the 
denominator, however, the corresponding numerators 
must be of the form Ax¥B\ for example^ 

Soj-hI Ax¥B ^ Ca?+Z) , E 

"'‘as+l’ 
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which gives 

* 3j 7—1 =(i4a?+J9)(a;-f-1) 

HOx+ D)ix+l)(2x^-1 

For a? = — 1, this gives — 4 Replacing, trans¬ 

posing, collecting like terms, and dividing by a?-f 1», 
we get 

1 4- 3 = 2Cx'^HA - C) +(B- D), 

Hence 2C=16 and 6^=4, 2 />=-lGand D«-8 ; 
A — C= 0or.4 — 8 = 0andil = S , andtin^lly, 
or ^ = — 5 So that we obtain as the partiaf fractions. 

2x~-\ x+V 

It is useful to check tla lesults obtained The 
simplest way is to replace by a single value, say 
4-1, both in the given expiession and in the paitial 
fractions obtained 

Whenever the denominator contains but a power of 
a single factor, a very quick method is as follows: 

Taking, for example, ir4-l=^'; then 

X “• 1 

Replacing, ^e get 

4(s-" 1)4-1 _ 4;: —3 4_^3 

The partial fractions are, therefore, 

4 3_ 

(a;4-l>- {x^lf 
1 


c.H.a 
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Applying this to differentiation, let it be required 

' 5 “■ ^3G * 

to dilVerentiate y = n-l . — oJ we have 


dy _ (6a:?^ + 7a?— 3) x 4-f ( 5 — 4a?)(l^g||r7) 

dx ~ {bx^ +7a;—3)^ 


24./*2-60a?-23 

l3( we split the given expresvsion into 

_ 1 _ _ 2 

3a; —1 2a;+3’ 

we get, however, 

t (Ur (3a:-l)“'^(V+8f' 
which is really tlie same result as alx)ve split into 
partial fractions. But the splitting, if done after 
differentiating, is more coUiplieat(‘(l, as ■viB||ea.sily he 
a(‘eii. When we shall deal with the of 

such expressions,' we sliall lind^ the splitting into 
partial fractions a precious auxilia^ (see p. 230), 


< “ k 

% 

Exercises XI. (See page 293^ for Answers.) 


Split into fractions: 


(a!-3)(x+4) 

(2) 

,o\ S'*’+5 

' ^ a;^+A*—12 

(4) 


16) 





J’+l 


a^-lx+li 

_a- °-13a;4-26 

(*-2)(ie-3Ka;-4)' 
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(7) 

( 8 ) 

(9) 




5a^+7j-+l 



l)(3^-2)(3jt?-f-l) 


0^ — 1 


/fl) _5y^J6£±* 


+ 1 ) 


(13^ 

(13) 

(17) 


■l)(x+l) 
8a^+2r+l 


(a-+2)(a^+j:+l)* 

7j^+9x-1 

(3®-2)* 


( 10 ) 

.( 12 ) 

(14) 

(16) 

(18) 


a^+f 

a^+l' 


Of 


(j3—l)(a!— 
r+3 

(x.+ 2)Ha;-l)' 
5a.»+6a;-12 
(*+4)* 


ar- 


.2 


(a«——2) 



erential of an Inverse Function. 

GeiPBer the function (see p. ii)y = 3a?; it can be 
expressed in the f^ihn this latter form is,oaU^ 

theto the one originally giv«tt. 

If i/^djr, ^=3, = fl'iid we Oee tjmt 


7ly 



:y dy 3’ 

du dx 
dy 


Consider y — W, inverse function is 

, dx 1 I* 1 
2 4.%/y 4 X 2a? 8a? 
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Here again 


^ I^ —1 
dx^ dy~' 


It can be shown that for all functions which can be 
put into the inverse form, one can always write 


dy dx - 
dx dy 


dy 1 
dy 


It follows that, being given a function, if it be 
easier to difhTcntiate the inverse function, this may 
be done, and the reciprocal of the ditferential coefficient 
of the inverse function gives tlie differential coefficient 
of the given function itself. 

As an example, suppose that wt wish to differentiate 

y=yj'~’-l We have seen one way of doing this, 

by writing —1, and finding and This 

gives *- 

dy^ 3 

dx /3 

V X 

If we had forgotten how to proceed by this method, 
or wished toyheck our resultt.by some Other way of 
obtaining the differential coefficient, or for any other 
reason we could not use the ordinary method, we could 

proceed as follows: The inverse function is a?= 7 -— 

# fc 1 + 

da^_ 3 X 2y 6y . 

(l+y*)*' 
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hence 


#= 1 =_(JL+?^^= 

dx ’Sx 6y 

dy ® 




3 


2^JI3 

> X 


1 


1 


Let us take, as another example, y — _• 

The inverse function is 0 = ^ —5 or 0 = —6, and 

It follows that ^ ^ might have 

dd :W(0 + 5)^ ^ 


been found otherwise 

We shall lind this dodge most useful later on, 
meanwhile you are advised to become familiar Mith 
it by verifying by its means the results obtained in 
Exercises 1. (p. 25), Nos 5, 6, 7; Examples (p. 6S), 
Nos. 1, 2, 4: and Exorcises VL (p. 73), Nos. 1, 2, 3 
and 4 * 


You will surely realize from this ciiapter and the 
preceding, that in ntany respects the calculus is an 
art rather tiepin a science: an art only to be acqifired, 
as all other arts are, by practice Hen^e you should 
work many examples, and set yourself other examples,, 
to see if you can work them out, until the various 
artifices become familiar by use. 



CIIAPTEK XIV. 

ON TRUE COMPCIUNU INTEREST AND THE 
LAW OF ORGANIC GROWTH. 

Let tlieiv 1)0 a quantity ^ro\\ m;;' in .such a way that 
the incr(‘fn<“nl of its growth, during a giv^en time, 
shall alw.u s lu* ]>ropoi'lion.il to it-^ own magnitude. 
Tliis resembles the process of reckoning interest on 
money at some lixed rate, fur the bigg<*r tie' capital, 
the bigger tlie amount of intfiest on it in a given 
time. 

Now we must distingui.sJi clearly between two 
cases, ill our calculction. according as the calculation 
is made by what the arithmetic books call “simple 
interest/’ or by what they call “compound interest.” 
For in the fohiier c.‘ise the capital remains fixed* 
wdiile in the latter the interest I's added to the cap¬ 
ital, iWliich thei’efore increases by successive additions. 

(1) At simple interest. Consider a concrete ease. 
Let tlte capital at start bo £100, and let the rate 
-of interest be 10 per cent, per annum. Then the 
increment to the owner of the capital will be £10 
every year. Lst him go on drawing his interest 
every year, and hoard it by putting it by in a 
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stocking, or locking it up in his safe. Then, if he 
goes on for 10 years, by the end of that time lie will 
have received 10 increments of £10 each, or £100, 
making, with the original £100, a total of £200 in all. 
His properly will have doubled itself iif 10 years. 
If the rate of interest had been 5 per* cent., he would 
have had to hoard for 20 years U) double his property. 
If it had been only 2 per cenf, he would have had 
to lioard for 50 years. It is easy to see tliat if the 


value of the yt'arly interest is ?- of ^he cajjital he 


must go on hoarding for n years in order to double 
his property. 

Or, if y be the oiiginal capital, and the yearly 
interest is,^, then, at tlie end of n years, his property 


will be 




* 


(2) At compound inff r( sf. Asljefore, let the owner 
begin wiili a capital oi £100, earning iiitcre.st at t^e 
jrate of 10 per cent, per annum; «but, inStefid of 
hoarding the interest, let it be added to the capital 
each year, so tliat flie capital grows year by ^ear. 
Then, at the end of (yie year, the cagital will have 
grown to £110; and in the second year (still at 10%) 
this will earn £11 interest. He will start the third 
year with £121, and the interest on that will be 
£12. 2»,; BO that he starts ^he fourth year with 
£133. 2«., and so on. It is easy to work it out, and 
£nd that at the end of ihe ten years the total capital 
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will have grown to £259. 7s. 6d. In fact, we see that 
at thi end of each year, each pound will have earned 
'of a pound, and therefore, if this is always added 
on, each year multiplies the capital* by ; and if 
•continued‘for ten years (which will multiply by this 
factor ten times over) the original capital will be 
multiplied by 2*59375. Let us put this into symbols. 

1 

Put for the original capital; - for the fraction 

til 

added on at each of the n operations; and i/n for fbe 
value of the Capital at the end of the operation. 

Then S'«=yo(l+J • 

But this mode of reckoning compound interest once 
a year, is really not quite fair; for even during the 
first year the £100 ought to have been growing. At 
the end of half a year it ought to have been at least 
£105, and it certainly would have been fairer had 
the interest for the second half of the year been 
calculated on £105. This would be equivalent to 
calling it 5 % p^ half-year; with 20 operations, there¬ 
fore, at each of which the capital is multiplied by |^. 
If reckoned this way, by the end of ten years the 
capital would ^ave grown to £165. 8s.; for 

(1 + ^"® = 2-654. 

But, even so, the process is still not qjiite fair; for, 
by the end of the fi^st month, there Vill be some 
interest earned f and a half-yearly reckoning assumes 
that the capital remains stationary for six months at 
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a time. Suppose we divided the year into 10 parts, 
and reckon a one-per-cent, interest for each teniih of 
the year. We now have 100 operations lasting o\^er 
the ten years; or 

y„=£100(l.f-,J^)i««; 

which works out to £270. Ha. 

Even this is not final. Let the, ten years be divided 
into 1000 periods, each of of a year; the interest 
being per cent, for each such period; then 

= (1-f J 

which works out to £271. 14«. 2hd. 

Go even more, minutely, and divide the ten years 
into 10,000 parts, each of a year, with interest 
at of 1 per cent. Then 

y„=fioo + 

which amounts to £271. ICs. 4d 
Finally, it will be seen that wh*t we are trying to 
finil is in reality the ultimate value of the expression 

, which, as we see, is greatew than 2; and 

which, as we take wiarger and larger, grows closer 
and closer to^a particular limiting value. Howe^ver 
big you make the vfiflue of this expression grows 
nearer and nearer to the figure 

2*71828... 

a number nevf)f to be forgotten. , 

Let us taks.geometrical illustrations d these things. 
In Fig. 36, OP stands for the original value. OT is 
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the whole time during which the value is growing. 
It in divided into 10 periods, in each of which there is 

* (/v 

Here is a constant; and if each 

strp np is yV the oiiginal OP, then, by 10 such 
steps, the height is doubU‘d. If we had taken 20 steps, 


an equal step up. 



each of half th(‘ bright shown, at the end the height 
would still be ju'^t doubled. Or n such steps, each 
1 

of ~ of the original height OP, would suffice to 


double the height This is the case of simple interest. 
Here is 1 growing till it becomes 2. 

In Fig 37, we have the correi^onding illustration of 
the^ geometrical progression Each of the successive 


ordinates is "to be 14- \ that^s, times as high 


its predecessor. The steps up are not equal, because 

each step up is now - of the ordinate at that part of 

the curve. we had litefraliy 10 steps, with (l+i^) 
for the multiplying factor, "the final total would be 
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(l+yV)^® or 2 593 times the original 1. But if only 

we take n sufficiently large (and the correspoilding 

1 . ^ / 1 \“* 

- sufficiently small), then the fihal value ^1 + "^ 

which unity will grow will be 2 71M28. 


U 



Fkj. .^7. 


Ejtsilon. To this mysterious iiun\ber 2*7182S1^ 
etc., the mathematicians luive assigncxl as a symbol 
the Greek loiter e (pronounced epsUon) or the Knglish 
letter <?. All schoolboys know that the(Jre(‘k letter tt 
( called pi) stands for 3*J1-1592 etc., but how many of 
them know that epsilon, means 2*7182^? Yet it is an 
even more iinjxu-tant p umber than v I 

What, then, is epsilon ? , 

Suppose w§ were to Jot 1 grow at simple interest 
till it became 2; tht-n, if at the same nominal rate of 
interest, and for the same time, we were to let 1 grow 
at true compound interest, instead of simple, it would 
grow to the value epsilmi. t 

This process of gi-owing proportionately, at every 
instant, to the magnitude at that instant, some people 
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call a logarithmic rate of growing. Unit logarithmic 
rate V)f growth is that rate which in unit time will 
caiise 1 to gi^ow t6 2*718281. It might also be 
called the organic rate of growing: because it is 
characteristic of organic growth (in certain circum¬ 
stances) that the increment of the organism in a 
given tiiiie is proportional to the magnitude of the 
organism itself. 

If we take 100 per cent, as the unit of rate, 
and any fixed period as the unit of time, then the 
resul|i of •Ictt'ing 1 grow arithmetically at unit rate, 
for unit time, will be 2, while the result of letting I 
grow logarithmically at unit rate, for the same time, 
will be 2*718*28.... 

A little more about Epsilon, We have seen that 
we require to know what value is reached by the 

expression wdien n becomes indefinitely 

great. Arithmetically, here are tabulated a lot of 
values .(which anybody can calculate out by the help 
of an ordinary table of logarithms) got by assuming 
n = 2; = 5; « = 10; and so on,^p to m = 10,000. 


(l+i)* 

^ 2-25. 

(l+i/ 

=2-48D. 

(l+iV)'" 

» 2-594. 


= 2-653. 

(l+rfor 

= 2-704. 


= 2-7171. 

2-7182. 



THE LAW OF ORGANIC'GROWTH, U1 

It is, however, worth while to find another way of 
calculatiiig this immensely important figure. i 
Accordingly, we will avail ourselves of the binomial 

theorem, and expand the expression in that 

well-known way. 

The binomial theorem gives the ruh* that 


(a+6)* = a”+M—1) — 

fjii - »/,8 

-f ——2)—, .j—'-hate. 

L£ 

Putting a= 1 and \ we get 


4 


Now. if we suppose n to become indefinitely great, 
sq^y a billion, or a billion billions, than r* —1, » —2, 
and n—3, etc, will all be sensibly equal to n; and 
then the series becomes 

f 

* 1*11 
®='1 + 1 + ^ 2 +[ 3 +[ 4 +^*®-- 


By taking this rapidly convergent series to as 
many terms as we please, we can work out the sum to 
any desired point of accuracy, feere is the working 
for ten terms: • 
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1000000 

dividing by 1 1*000000 

dividiiig by 2 0*500000 

dividing by 3 0*166607 

dividing by 4 0*041667 

dividing by 5 0*008333 

dividing by 6 0001389 

dividing by 7 0*000198 

dividing by »8 0*000025 

dividing by 9 0*000002 

Total 2*718281 


e ia iiicoinrncnsurable with 1, and resembles ir in 
bciiisr an interminable non-recurrent decimal. 

The Exponenlial Series. Vie shall have need of yet 
another series. 

' Let us, again making use of the binomial theorem, 

( J\nx _ ^ 

l4--y * which ii| the same 
as wdien W'c make n indefinitely great. 

_ ^ w 


£«= 1«» + Ma7-- \-nxl(^a>- 1)-jy 


+ nr{n,T — l){nx —2)- 


-f etc. 


1 + 


1 nV — nx 


1 —2fi;» , 

+•—--=-hetc 

. li 
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2 ^ 
- 

=1 +,,+ 


X 




2a? 

n ^ 


L? 


fete. 


Butr when n is made indelinitely gi;pat, this 
simplifies down to the following: 

/i2 

e*=l+x+|-, +j^+|^ + etc.... 

This series is called the expontidial t>erie8. 

The great reason why e is regarded o^ importance 
is that e* possesses a property, not possessed hy any 
other function of ,r, tliat ulun you (hffereniiotc it 
Ih value remato^ nvchanijed, or, in other words, its 
differential coefficient is tlio same as itself This can 
be instantly, seen by did) untiating it with respect 
to a™, thus: 




+ 






or =lH-a?4-i—ad 








d-etc. 


1 . 2 ^ 1 - 2.3 ' 1 - 2 - 3.4 


-fete., * 


which is exactly the same as the original series. 


Now we m^ht have gone to work the otlier w'uy, 
and said: Od to; let us find a function of such 
that its differential coefficient is the same as itself. 
Or, is there any expressk^, involving only powers 
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of Xy which is unchanged by differentiation ? Accord- 
ingl/, let us assurne as a general expression that 

y — A + Bit +-f Ex^ + etc., 

(in which the coefficients A, B, C, etc. will liave to be 
determined), and differentiate it. 


5 + 2C'a:+ 3Dx'‘+ +etc. 
ax 

Now, if this new expression is really to be the same 
as that from which it was derived, it is clear that 

A mmt — B ; that (7= " = ; that D = ; 

that B= 4 

The law of change is therefore that 
y=.1 (l +-'j + fT-2^+etc-) 


If, now, ue take A = 1 for the sake of further 
simplicity, we ha\ e 


X .1 


.2 


a?* 


*'='+i-i-2+TT^i+r72:iri+‘^^- 


Differentiating it any number of times will give 
always the same series over %gain. « 

If, now, we take the particular case of A = l, and 
evaluate the series, we shall get simply 

whena 7 =sl, i/= 2-718281 etc.; thatis, y=€; 
when a? = 2^ p— (2-718281 etc.)*; that is, y=€*; 
when a?=3, y=(2-718281 eta)*; that is, ysrc*; 
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and therefore 

when£c=a7, (2*718281 etc)*; thatis, 
thus finally demonstrating that * 


/M /VIA /Wl 

^ 1 +1 +r 2 T 3 + r 2 +^*«- 

.s^PWrE .—Ho VO to read ey'jm nrntwh. For th e benefit 
of those who have no tutor at hand it may be of use 
to state that is read as epeiUm to the ekafh power ; ” 
or some people read it e.ij)one7ihal eka” So e*** is 
read epsdon to the pee-iedh^power*' oi*“ exponential 
pee fee ” Take some similar expressions:—Thus, e“* is 
read ''epsilon to the minu^ two power" or “exponential 
minus two" is read "epnlon to the minus 

ay-ekdh ” or “ exponentod minus ay-eks'''\ 


Of course it follows tliat e*' remains unchanged -if 
differentiated with resf>ect to y. Also which is 
equal to will, when diffcroBtiated with respect 
to X, be a€°^y because (m‘s a constant 


• Nalund or Napierian Loyarithm^ 

Another reason \^hy e is important is because it 
was made by Napier, the inventor of logarithms^ the 
basis of his^stem If y is the value, of e*, then x 
is the logarithm, to the base e, of y. Or, if 

y = e*, 

then X = log, y. 

The two curves plotted in Fi^ 38 and 39 represent 
these equations • 
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The points calculated are: 



iiii. 3S. Fig. 39. 

It will bo seen ttiat, though the calculations yield 
dilForent points for plotting, yet the result is identical. 
The two e(]uatiions really mean the stoe thing. 

As many persons who use ordinary logarithms, 
which are calculated to base 10 instead of base c, are 
unfamiliar with thenaturaU’ logarithips, it may be 
worth while to say a word about them. The ordinary 
rula’' that adding logarithms gives the ^logarithm of 
the product still holds good; or 

log, a+log, h =» log, ah. 

Also tire rule of powears holds good; 

n X log,a=log,rt". 


4 
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But as 10 is no longer tlie basis, one cannot multiply 
by 100 or 1000 by merely adding 2 or 3 t<f the 
index One can cliango the natmal logarithm • ti> 
tin* ordinaiy logaritlnn simply by multiplying it by 

0 4343. or log^o -t* = 0 4343 x log« £r, * 

and conversely, log^ J:’ = 2 3020 X log^Q x. 


A CsLiii T\i».Lh oi “^vi'inuw Logarithms” 
^Also called Natuial Log.iiithmi> oi il 3 ’j)e]lK)lK* J^ogaiithms) 


N inibtr 


Nuiiibir 


1 

0(M)(Kj 

6 

1 7918 

11 1 

0 0053 

7 

1 9459 

1 52 , 

0 1823 

8 

2 0794 

\o 

: 0 4035 

9 

2 1972 

1 7 

0 6300 

10 

2 3026 

20 

06931 

20 

2 9957 

22 

07685 

50 

3-9120 

2f> 

0-9103 

100 

4 6052 

2 7 ^ 

0 0033 

200 

5 2{)83 

28 

1 0200 

600 

6 2116 

30 

1 UOHO 

i,noo 

6 9078 

35 

1 2528 

2,000 

7 6010 

40 

13803 

5,000 

8*5172 

4 5 

, 1^5011 

10,000 . 

9 2104 

50 ' 

' 10094 

20,000 

9 9039 


ErponevtiM arid Logfirithmic Equat'ipns. 

Now let U9 try our hands at difTerentiaiing c^tain 
expressions that contain logarithms or exponcntiij||^ 
Take the equation * 

y==log,a7.^ 

Fir&t transform, this into 



( ( 
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whence, since tlie differential of ev with regard to 3 ^ is 
the c^^’iginal function unchanged (see p. 143), 

. I dx 






and, revelling from the inverse to the original func- 

= i = l 

~dx dx X 

Now this is a very curious result. It may be 
written , 

dx 




Note that x'^ is a result tliat we could never have 
got by the lule for differentiating powers That rule 
(page 25) is to multiply hy the power, and reduce the 
power by 1 . Thus, differentiating gave us 3a*^; 
and differentiating ./•“ gave 2x^. But di|jerentiating 
.tP gives us 0 X .;»• ^ = 0, because ./ ^ is itself = 1, and 
is a constant. We** shall have to come back to this 
curious fact that ilifferentiating log*a? gives us 

I 

- when we readi tlie eliapter on integrating. 

X 


Now, tiy tv differentiate 

y=log<(u?+<j), 

that is €^=.r+a; 


we 


have = eP, since the differential of e® 

dy 


±. 


remains e^. 
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This gives 


dx 

dy 


=cy=a7-f a; 


hence, reverting to the original function (see p. iSl), 

dx ax aj+a" 
dy 


Next try ^ ^ 

First change to natural logarithms by multiplying 
by the modulus 0*4343. This gives ua 

?/= 0’4343 log,.r; 


whence 


dy ^ 04343 
dx X 


or 


The next^hing is not quite so simple. Try this: ‘ 
^ y = a* 

Taking the logarithm of both siSes, we get 

logey = x*log,a, 

log,?/ 1 , • 

. a?=, ^ ' = i-X log,y. 

^ log, a log, a ® 

Since — is a constant, we get 
dx \ \ 1 


1 

x-== 


dy \og,a y a® x log,a 
hence, reverting to the original function, 

< m 

dy 1 _ 

^ -— /** V Inor n 
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We 960 that, since 

V 

(lx di! - j dx \ 1 

X /' = 1 and i- 5 - = - X,-, 

dy ax dy y io^ed 


1 

- X 
1/ 


dx 


= log.a. 


Wo sladl find that whc'riover wo have an expression 
sucli as log^7/ = a function of Xy we always have 

- -('^^ = tlio differential coefficient of the function cf x, 
y cLv 

so that wo could havd written at once, from 

= a, 

' ^^^ = loge« and = 

yy (tdX! iifii 


Let us now attom])t further examples. 

« 

Exavipleti. 

(1) y — e~^^'. Let — ax = ~: tlum // = e^. 

dy , dz* , dy 
j — f 1 / ~ — Cl \ hence / = — 
az dx ' dx 

Or thus: • 

, 1 dy dy 


ae 


~ax 




(2) ?/=e8.* Let’-^ = ;:; then 2 /= 

' du} , dz 2x dy 2x ? 


.2 




a?2 1 dy_2x^ ^ 2x 


Or thus: 
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2 x 


lieiic 


(3) ?/ = «'■"!• 

1 _ I (/// _ 2 (^+ 1 ) —237 , 

^O^y— I’ y p ! )2 ’ 

(f(/_ 2 


(Lv (U:*+ 1 )" 


+- 1 . 


2.r 


Chock bv 'Wilting , , — 




(4) = log.?/ = (x"+^0^- 


1 f^// 


a? 


and 


</)/ .r X 


// c/a’ ( .v~ -f r/)' ff.r (■^*“ + <5r 

(For if + and 

f7?/__^ . .. _ '{1 _\ 

2<,d ’ r/x* ’ (/a* (x“'4'<'0'7 

Check by writing -'^• 

* 

(o) // = loge(n+a'-'^). Let (/« + ,r®) = ^, thmg^ = log,i:;. 

hence ' 

(6) ?/ = Iog,{3a:?^+x/<'f 4-.i*“}* Let 3a?®+ 

then ?/ = loge£ • 


J* 


dz S ’ C?£C 




P'* 


, 6a:?+- /-^— — 

Ui/ __ yar+c^ __ 

dsc 3a7“-f-v/a+o:?* •(3a?®4-N/i*'‘^+ct)^/aJ*+^® 


a?(l+ 6 yV-f^ 
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(7) y={x+^fi>Jx—'2. 

log. 3 /=2 log, (a;+3)+i log. (a; - 2> 

1 dy^ 2 " 1 

^dx (a?+3)'^2(a;—2)’ 


dx 


=(a5+3)^^a;-2(jl34 


1 

2{x—2) 



(8) = j 

log,i/=3 lo^e(a;2+3)+1 loge(a?®-2); 

1 cZ»7_*q 2 a? 2 __ 6 a? 2x^ 

y^dx~ a;^ + 3'^3 x^ — 2~x^ + S^3(^ — 2‘ 

(For if w = log,(it;^+3), let a?®+3= 2 ; and ?/ = log, 

—1- ——9 du_ 2x 

dz~'z^ dx~' dx~~x^+S\ 


Similarly, if '/’-log,(a?* —2), 


d^i _ ^x^ 
dx x^ — 2 



% 

cfo; 


(£t*^+3)^(£f3 — 2)^ I” 


C>x 

* 2+3 



( 9 ) 


iya? 2 d-a 

s/x^’-a 


I 1 * 

log.y =*2 logi(i»“+a) - g fog,(ar' - a). 

1 i 3a^ _ a; x^ 

ydx^2x^-\-a 3 x^-~a““a^+a^x^-^a 


dy X _ ag2 y 

dx i/ix^—a la?2+a» ic*—aj 


and 



THE LAW OF ORGANIC 'GROWTH^ 153 

t 

1 


( 10 ) y= 


log.*' 


log.ajxO —lx- * 

a// * X 


dx loge^a? X • 

(11) y-s/\og,x=:^i\og,xf. Let z = \og^x\ y- 

dz 3^ ' dx \dx ox>^\ogt^x 

0 ^) »-(i)" 

log, // = - ax loge«* = — ajp‘ . Jog, a. 

i --2rtJ7. log,rt 
y dx 

and • log. < e = - 2xa^ " ‘“M og, a. 

Try now the following exercises. 


Exercises XIL (See page 294 for Answers.) 

• (1) Differentiate ?/==/>— 

(2) Find the diffei%ntial coefficient with respect to 
t of the expression u = at^ + ^ log, t 

(3) If y=»t‘, find 

(4) Show that if m=J ^^ 

' ^ h log,a^ dx 

(5) If w=pv\ find 
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Differentiate 

^i) = (7) ?/ = 3r‘^. 

• (S) // = +1)e*- (9) y =log, {aif + a). 

(10) // = (3.^*^~])(v'.r-fl). 


(li) H 


log^U’ +>l) 


(12) y = a^Xiif'. 


(13) It was sliown hy LoitI Kelvin that the speed of 
signalling throngli a subijjariiMJ cable depends on the 
value ol‘ the ratio of the external diameter of tlie core 
to the diameter of the enclosed copper wire. If this 
ratio is called //, then the numbn- of signals s that can 
be sent per minute can be expressed by the formula 

s = ay- log, , 

•/ 

where a is a constant depending on thQ length and 
tyhe quality of the materials. Show that if these are 
given, s will bo a maximum if ?/ —1-r-v^e* 

(14) Find the muximuin or minimum of 

y — — \og^x. 

(15) Differentiate //= log, (aj:.‘€^). 

(1C) Differentiate // = (log,aa?)^. 

-4- 

« The Logarithmic Curve. 

Let us reKirn to the curve*which has its successive 
ordinates in geometi-ical progression, such as that 
represented by the equation y=^hp^. 

can see, by. putting a?=!0, that 5 iar the initial 

height of y. • 

Then when 

a; = l, y-hp\ x-2, y—hp^\ a? = 3, etc. 
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Also, we see that p is the numerical value of the 
ratio between the height of any ordinate and tltit of 
tJie next preceding it. In Fig. 40, we have taken 
as 5; each ordinate being as high as tlie preceding 
one. * 




If two successive ordinates are related togotlnu- 
thus in a constant ratio, tlieir logaritlnns will liave Ii 
constant ditroronce; so tliat, if we should plot out 
a new curve. Fig. 41, with values of log^?/ as ordinates, 
it would be a straight line sloping up by ecpial steps. 
Ill fact, it follows from the equation, %it 

whence lor;,y— 

# 

Now, since log^^ is % mere number, ^nd may be 
writtfm as logej»;=a, it follows that 

1 y 

log*’=aa?, 

and the equation takes the new form 

p^h€^. 
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y. The Die-away Cuire. 

‘K we were to take p as a proper fraction (less than 
unity), the curve would obviously tend to sink down¬ 
wards, af^ in Fig. 42, where each successive ordinate 
is f of the height of the preceding one. 

The equation is still 


f 



but since p is less than one, logejp will be a negative 
quantity, and tnay be written —a; so that 
and now our equation for the curve takes the form 

The importance of this e^gpression is that, in the 
eas(3 where the independent variable is ^ime, the 
equation represents the course of a great many 
pliysical processes in which something is grad/UAxUy 
dyiv^mway, Thus^ the cooling of a hot body is 
repres^ted (in ||fewton*s celebra^ “law of cooling”) 
by the equating = 0 ^^-«; 
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where Oq is the original excess of temperature of a 
hot body over that of its surroundings, Ot the excess 
of temperature at the end of time t, and a is a ccln- 
stant—namely, the constant of decrement, depending 
on the amount of surface exposed by the Body, and 
on its coefficients of conductivity and emissivity, 
etc. 

A similar formula, * 


is used to express the charge of an eleatrified body, 
originally having a charge which is leaking away 
with a constant of decrement a; which constant 
depends in this case on the capacity of the body and 
on the resistance of the leakage-path. 

Oscillations given to a flexible spring die out after 
a time; and the dying-out of the aiiiplitudo of the 
motion may be expressed in a similar way. 

In fact e""' serves as a die-aiJbay factor for all 
those phenomena in wliich the rate of decrease 
is proportional to the magnitude of ^that which is 


decreasing; 


or wher^ in our usual symbojs 



proportional a^i every moment to the value that y hSa,, 
at that moment. For tvo have only tti»* inspect th4^" 
curve, Fig. 42 above, to see that, at every part^f it, 

the slope ^ is proportional to the height if; the 

curve becoming flatter as y gro^frs siliiller. 
bol8,thus y=.h€-^ 
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or ^ log,y=s=loge/> — 

and, differentiating, • — — a; 

((tfj 


hence 




or, in words, the slope of tlie curve is downward, and 
proj)oi’tional to y anc] to the constant a. 

We should have got ^he same result if we had 
taken the equation in the form 


t 


for then 


tf=hp^\ 


^.IL 

dx 


h}f X log, JO. 


But 

giving us 

4 

as before. 



dy 

dx 


^yx{-a)^ --ay. 


The Tlmc-conKtitnf. In the expression for the “ die- 

away factor’' the quantity a is the reciprocal of 

another quantity known as “ the time-constant,'* wliich 

we may denote by the symbol Then the die-away 

-1 

fack)r will be written e 2’; and it will be seen, by 

mailing < = Y that the meaning of T for of is that 

this is the length of time which it takes for the original 
(|hantity (called 0^ or in the precedii^ instances) 

to die away to ~th*part—that is to 0*3678—of its 
original value. * 
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The values of e* and e"® are continually recmired 
in different branches of physics, and us they are ^ven 
in very few sets of mathematical tables, some of (die 
values are tabulated here for convenience. 


.t; 

€* 

€“* 

l-€“* 

0-00 

1 0000 

• 1 ooOo 

0-(X)00 

0 10 

1-1052 

1 0‘X)18 

0 0952 ^ 

0*2U 

1-2214 

0 81‘^7 

0-1813 

0-50 

1-0487 

0 0005 

, 0-3935 

0-75 

2 1170 

0 1724 

0 .*276 

090 

2-1500 

0-1006 

0-503 4 

1 00 

2-7183 

0.3079 


MO 

3-0042 

0 3.129 


1-20 

3-3201 

0 3012 

0-6R88 

1-25 

3-4903 

0 2805 

0-7136 , 

1-50 

4 4817 

0-2231 

0-7769 

1-75 

6-704 

0-1738 

0’82G2 

2-00 

7-380 

0-135.3* 

0-8647 


12 183 

0-0821 

0-9 no 


20 085 

0 0498 

0 9502 


33-115 

0 0302 , 

> 0 9G98* 


54 598 

0 0183 

0-9817 

! 4-50 

90-01 f 

00111 

0‘9889 


148-41 

0-0067 

0 9933 • 

6-60 

^ 244-69 f 

0-0041 

* 0 9959 


^403 43 

0-00248 

0-99752 ‘ 


1808-04 

0 00053 

0-99947 


22020-5 

0-000045 

0 909955 ' ^ 


As an example of the use of this table, suppose 
'there is a hot body cooling, and that at the beginning 
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of the experiment {i.e. when ^ = 0) it4S 72! hotter than 
the surrounding objects, and if the time-constant of its 
cooling is 20 minutes (that is, if it takes 20 minutes 

1 

for its excess of temperature to fall to - part of 72°), 

€ 

then we can calculate to what it will have fallen in 
any given time t. For instance, let t be 60 minutes. 
* * / ' 

Then ^^=60-7-20 = 3, and we shall have to find the 

value of and then multiply the original 72** by 
this. Tlio table shows that €~^ is 0*0498. So that 
at the end of 60 minutes the excess of temperature 
will have fallen to 72° x 0*0498 = 3*580°. 


Further Examples. 

(1) The strength of an electric current in a con¬ 
ductor at a time t secs, after the application of the 
electromotive for(?e producing it is given by the ex¬ 


pression €= 




The time constant is 


¥ 


If 10, i2 = 1,= 0*01; then when t is very large 
the term ^ becomes 1/and (7= ^ = 1^) 


^= 2 ’= 001 . 

Its value at any time may be written: 
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9 

the time-constant being 001. Tliis means tl^t it 
takes 0*01 sec. for the variable term to fafl to 

i = 0’3(i78 of its initial value 10e~''''^^ = 10. 
e 

To find the value of the current when ^=^'001 see., 

say, ^=0’1, =0 9048 (from table). 

It folloAvs that, after 0'C|pi sex*.., the variable t«ri» 
is 0 9048 X10 = 9*048, and the actual current is 
10-9048 = 0-952. 

Similarly, at the end of O'l sec., 

~ = 10; e-»" = 0 000045; 

the variable term is 10 X 0 000045 = 0 00045, the current 
being 9*9995. 

(2) The intensity / of a beam of light which has 
passed tlirough a thickness / cm. of some transparent 
medium is wlu're 1^ is the initial intensity 

of the beam and K is a “ constant of absorption.” 

• This corrstant is usually found by (^^perimenls If 
it be found, for insl^nce, that a beam ol, light has 
its intensity dimini.shed by 18% in passing throiigli 
10 cms. of atiertain transparent mediui|^, this means 
that 82=100x6“^^^*^ or e‘*®^'=082, and from the 
table one sees that 10/r=0*20 very nearly; hence 

ir=0 02. 

To find the tliicknes.s that wilj reduce the intensity 
to half its value, one must find the value of I which 
satisfies the equaiitj’* 50^100 x or 0*5 = 
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It is found by putting this equation in its logarithmic 
form, namely, 

‘ log 0*5 «= — 002 X Z X log e, 

which gives _ 

(3) Tlie quantity Q of a radio-active substance 
whicli has not yet undergone transformation is known 
to be related to the initial (quantity Qq of the sub¬ 
stance by the relation Q = where \ is a constant 

and t the time in seconds elapsed since the trans¬ 
formation began. 

For “ Radium ^4if time is expressed in seconds, 
experiment shows that X = 3'85 x 10‘®. Find the time 
rec^uirod for -transforming half the substance. (This 
time is called the “ mean life ” of the substance.) 

We have 0*5 = £ “ 

log 0*5 -= — 0*00385f. X log e ; 
and ^ = 3 minutes very nearly. 

Exercises Kill. (See page 2?4 for Answers.) 

(1) Draw the curve y = h€' whei:§|^j = 12, 
and t is givefi various values from 0 to "20. 

(2) If a hot body cools so that in 24 minutes its 
excess of temperature has fallen to half the initial 
amount, deduce the time-constant, and find liow long 
it will be in cooling down to 1 p4r cent., of the original 
excess. 
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(3) Plofc the curve a/ = 100(l — 

(4) The following equations give very similar cifrves: 

... ax . • 

(ii) ?/ = «(! 

(iin y=—.aretenQ. 

Draw all three curves, taking « = 100 millimetres; 
= 30 millimetres. 


(5) Find the differential coefficient of ^ with respect 

as*; {V)y={^'f', (.0) y=^. 

(6) For “ Thorium A,” the value of X is 5 ; find the 
“mean life/’ that is, the time taken by the ti-ans- 
formation of a quantity Q of “ Thorium A " equal to 
half the initial quantity (?„ in the expression 

t being in seconds. 


(7) A condenser ot capacity A==4xI0'®, charged 
to a potential Fq= 20, is discharging t^irough a* resist¬ 
ance of 10,000 ohms. %Find the potential V after (a) 01 
second; (h) 0*01 second; assuming that the fall of 


potential follows the rule V= Vq€ 



(8) The charge Q of an electrified insulated metal 
sphere is reduced from 21) to 16 units in 10 minutes. 
Find the coefficient jUL of leakage, if C=C,x Qo 
being the initial char|;e and t being in seconds. Hence 
find the time taken by half the charge to leak away. 
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(^11) The damping on a telephone line can l>e ascer- 
tainld from the relation where i is the 

strerjgth, after t se<jonds, of a telephonic current of 
initial strength ; I is the length of the line in kilo- 
nietnvs, and ^ is a constant. For the Franco-Kiiglish 
submarine cable laid in 11)10, /8 = 0‘0114 '•Find the 
damping at the end of the cable (40 kilometres), and 
Itmgth along which L is ^till % of the original 
current (limiting value ofivory good audition). 

(10) The pressure of the atmosphere at an altitude 

h kilomt^cn^H is given by = being the 

pressure at sea-level (700 millimetres). 

The, ])ressures at 10, 20 and 50 kilom(*tres being 
199*2, 42'2, 0*112 millimetres respectively, find h in 
each ease. (Ising the mean value of Z*, find the per- 
otailiiii'e error in (‘ach case. 

(11) Find tlie minimum or maximum of y — tX ^. 

I 

(12) Find the minimum or maximum of y — x^. 

1 

(l:>) Find thp iniinmum or maximum of y=ixa^. 



CHAPTER XV. 

HOW TO DEAL AVITIl SINES AND COSINES. 

Grkkk letters bein^ usual* to denote anj^^les, W(‘ will 
take as the usual letter for any variable an^le the 
letter B (“ theta ”). 

Let 118 consider the function 

//=8in B. 



What we have to investigate is the value 

♦ 


P^/(sin0. 


or, in other words, if flic angle B varied, we have to 
find the relation between the increment of the sine 
and the increment of the angle, both increments being 
indefinitely small in themselves. Examine Fig . 43, 
wherein, if the radius of the circle is unity, the height 
of y is the sine, and 0.is the angle Now, if B is 
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supposed to increase by the addition to it of the 
sniali angle dQ —an element of angle—the height 
of ify the sine, will be''increased by a small element dy. 
The new height y-\'dy will be the sine of the new 
angle 0-\-U0y or, stating it as an equation, 

y + dy — si n (d + dO ); 

subtracting fronuthis the first equation gives 

dy = sin (d+ d&) — sin d. 


The quantity on the right-liand side is the difference 
betwiei!^ two'sines, and books on trigonometry tell 
us hcrw^io work this out. For they tell us that if 
M and ai*© two diderent angles, 


sin AT—sin ^ = 2 cos 


M+N . M-K 

^ • sm -- -v,—. 


•Tf, then, we put M=0-\-dB for one angle, and 
A’=d for the other, we may write ^ 


or. 


j « d “h do ■}" d d -f- dO 0 

dy — 1 cos —“2 ** 

dy^^ cos(d + \d6) • sin Jc/d. 


•f 


% 

,«r 


Eut if we regard dO as indednitely small, then in 
the limit we may neglect fylB by comparison with d, 
and may alsortake sin |dd as 'being the same as Jdd. 
The equation then becomes: 

efy=:2cosdx Je^d; 


<?y=cosd*ei?d, 

^|=cosd. 

dd 


and, finally. 



SINES AND. COSINES 
The accompanying curves, Figs 44 and sho 

plotted to scale, the values of dB 

fnr the corresponding values oi (f. 
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i 

Take next the cosine. 
y = cos Q. 

N ow cos 9 =sin — 9^* 

» 

Therefore 

=J^sin - e)) = cos X - ex 

And it follows tliat 


de 


•= —siu 9* 


Lastly, take the kiiigent. 


Let 


// = tan 9. 

% t 

_sin 9 
cos 9 *' 


The differential ccefficient «f sin 0 is*^^™^~, and 

d9 


the ditierential coefficient of cos 9 is 


r/(cos 



in^ the rule given on page 40 for ditferentiating a 
quotient of two functions, we get 
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ihj 

36 


^diamO) . ^r/(cos^) 
cos 6 - sin 6 ~ 

d6 d6 


iios^O 


cos“(? + sin"fJ 
cos'O 


COS-0’ 


or 


di/ 


do 


HCC^0. 


Collecting these results, wo have: 


V 

<li/ \ 
lio I 

win 0 

<VIS 0 

cos 0 

•' m;i 0 

tan 0 

L - _ _ 

0 

^— ■« 


Sometimes, in meclianieal aiul •physical questions, 
as, for exauq)Ie, in sinipl<‘ harmonic motion and in 
wave-motions, we have to deal wdth angles tlyit in- 
ctease in proportion to th(! time. Thus, if T be tlio 
time of one completedper/'ori, or movement round the 
circle, then, since the angle all round the circle i» 27r 
radians, or sh°, the airtount of ang](‘ m#ved through 
in time will be 

0=2x jj, in radians, 

0=3()O-|t, in degrees. 


or 
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tlie frequency, or number of periods per second, 


be 


1 


; denoted by n, then n = and we may then write: 


0 = 2Trnt. 

Tlien we shall have 

2 / = sin 2Trrit. 

now, we wish ho know liow the sine varies with 
res])('ct to time, we must cjiffcrentiate with respect, no]b 
to but to t For this we must resort to the artifice 
explained in‘Chapter IX., p. ti7, and put 

(iy__dif 
(it ~ di) (it ’ 
dO 

Now -T- will obviously bo 'lirn; so that 

= cos 6 X 2Tni 
(it 

= 27r/i • cos 2Trnt. 

€ 

Similarly, it follows that 


c?(cos 2'7r//C 

d£ 


— 2-7^ • sin 27niit. 


*l3econd Differential Coefficient of Sin& or Cosine. 

We have seen that when sin 0 is differentiated with 
respect to 0 it becomes cos d ; and that when cos 6 is 
differentiated with respect to ^ it becomes — sind; 

or, in symbols, « 

€?*(8in 0) . A 

-^=-8inA 
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So we have this curious result that we have fj)uiid 
a function such that if we difierentuite it twice over, 
we get the same thing from wliicli we started, hut 
with the sign changed from -f to —. ^ 

The same thing is true for the cosine; for differen¬ 
tiating cosd gives us — sind, and differentiating 
— sin $ ffives us —cos 6 ; or thus: 


(P(cohO) 

- n: 


cos d. 


Sines and cosines are the on!ij fundk)ns^of which 
the second differential coefficient is equal and of 
opposite sign to the original function. 


Examples. 

With what we liave so far learned we can no^ 
differentiate expressions of a more complex nature. 

(1) //= arc sin ^ 

If y is the arc wliose sine is x, then .7; = sin;y. 


(lx 

dy 


~ cos //. 


Passing now from tTn; inverse function to the original 
one, we get _ i 

dx (!x ctts >j 
ill/ 


Now 

hence 


cos y = tjl — ^m^y = 
dx v'i-a?®’ 


a rather unexpected result. 
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(2d y = cos^6. 

This is the same thing as 7/ = (cos 6)^. 

(hi 

Let cos 6 = ; then ?/ = .Si?-. 

(Iv . 

- -,7-= — sm t#. 

(J6 


(Ijj ^dif dr 
dO do dO 


3 cos^^sin G. 


(3) ;// = sin (./; + a). 

L<‘t ,rH (i—7r, then //==sini’. 

^;^ = c()sv?; = l and -^^ = cos (a?+a). 

dr dx dx 

(4) // = l()gi.sin^ 

Let sin^)=r; y — \o^^v. 

dn 1 . dv ^ 

(/r V du 

^ X cos G = cot G, 

dG sin G 

(5) #/ = cot(9= . 

sin G ’ 

w —si n-^ — c6s-(9 

dO'' ^ 

= — (1-f-cot-0)= — cosec^O. 

(6) ?/ = tan3^). 

Lct3d = ??; y = tani*; ^ = sec^v. 
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17 


(7) y = {l-\-Sifxii^O)k . 

Let 3 tau- 6 = v. 

= () tan 6 sec^ 6 
iW 


'for, if tan 0 = n, 


dr 


(fh 

dO 


r = 7 =6«; 

dll * 

hence ~ ^ j 

(ft/_ 6 tan 0 see''0 

^/^^“2Vr+3tan-0‘ 

(8) // = sin.rcoH.x*. 

(ft/ . , 

~ f - = sin./'(— sm./‘) + cos x x 
dx 


— : 


hence 


cosx 


- r 


==con-j: — siir^\ 


Exerciaes XfV, (See p;i^'o 2Jjr> for ^nswers.). 
*(1) Differentiate tlie following: 

■ 

(ii) y = m\-6 ; and y = sin 20. 

(iii) y = ain"d; and y - sin HO. 

(2) Find the value of 0 for which sin0xcos0 is 

maximum. • 

(3) Differentiate y = ^ ^os 2Trnt 

*7r 
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If ;//==sin£i* find 

(5) Differentiate «/’= log, cos a?. 

(d) Differentiate «/ = 18*2 sin (.x*+ 26'*). 

(7) Plot the curve ?/ = 100 Bin(0 —IS""); and show 
that the slope of the curve at 0 = 75” is half the 
SiK^'iinuiu slope. 

(8) 1 f y = sin 0 • sin 20, find . 

(9) If y = < 5 </*tan’'^( 0 ’*), find the differential coefficient 
of ?/ with respect to 0. 

(10) Differentiate // = e^sin“X*. 

(A) Differentiate the three e^juations of Exercises 
XIII. (p. lf)3), No. 4, and compare their differential 
(Soefficients, as to whether the}^ are equal, or nearly 
equal, for very small values of .x*, or for very large 
values of ;r, or for ‘values of x in the neighbourhood 
of X = 30. 


(12) DiffererV iate the following : 

(i) ?/ = secir. ^ 

(ii) i/==arccosa;. 

^ (iii) ly^arc tan x- 

(iv) ?/=arcseca?. 

(v) = tan jr X ^3 sec a;. 

(13) Differentiate y=sin (20-f3)®‘®. 

(14) Differentiate =0^+3 sin (0+3)—3^—3^ 

(15) Find the maximum Dr minimum of ^ = 0cos0. 



CHAPTER XVI. 

PARTIAL DIFFISKENTIATION. 

We sometimes come across quantities that are func¬ 
tions of more than one independent variably. Thus, 
we may find a case where // (iopends on tw0 other 
variable quantities, one of vvliicli we will call |f, and 
the other v. In symbols 

?/=/(»«. '<’)• 

Take the simplest concrete case. 

Let y=^uxi\ 

What are we to do? If we wese to treat v as a 
constant, and difterentiaie with respect to u, we 
should get 

rdti ; ^ 

or if we treat w as a constant, and differentiate with 
respect to v, we shoul 3 liave: 

dy^~udr. 

The little letters here put as subscripis are lo snow 
which quantity has b«‘eri taken as constauit in the 
operation. 

Another way of indicating th^t the differentiation 
has been performed only partially, that is, has been 
performed only with respect to oneoi the independent 
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variLbles, is to write the differential coefficients with 
Greek deltas, like 3, instead of little d. In this way 


Oil 


d't; 

cv 


it wo put in these valuer tor v and u respectively, 
we sliall have 


\ i)ir 




\ which '[Hirtial differentials. 


./I* 


Ihit, if you tliiiik of it, you will observe that the 
•total variation of y depends on both, these things at 
the same time. That is to say, if both are varying, 
the real dy ought l^o be written 


</// = dv; 

' du 


and this is called a total differential. In some books 

it \s wi-itluii = + 

• ^ ^ 

Example (1). Find the partial differential co¬ 
efficients of the expression = 

Th« answers are: 

^ =4rta?-f3%. 

^=8fta^+12(y-. 
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The first is obhiined hy siipposiug p constaiit| the 
second is obtained by supjwsing Jt- constant; tlien 

dir = + tibp) dx +(3/At; -}-1 dy. 


Exaviple (2). Let z = x^. Then, treatiiig lirst y 
and then x as constant, we get in the usual way 

I-,,.;., ,) 

-- log,./’, 

^ // j 

so that (h = ' dx + x'^ log^ x dy. * • 

ExamiAe (3). A cone having height It and radius 
of base r, has volume V = iTrrVi. If its height remains 
constant, wliiJe changes, tlio ratio of change of 
volume, with respect to radius, is different from ratio 
of change of volume with r(;sj)ect to height which 
would occur if the height were varied and the’ ladins 
kept constant, for 

dV 2x , ' 
dr 3 

dV TT 


*dh 


3 


The variatipn when lolh the radius and the height 

TT * 

change is by rh dr + g r^dk 

Example (4). In the following example jP Itfed jf 
denote two arbitrary functions pf any form whatso¬ 
ever. For example, they may be sine-functions, oj* 
exponentials, or mere algebraic functions of the twC 
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inde’yendent variables, t and x. This being under¬ 
stood, let us take the expression 

F{x-¥nt)->rAx—at), 
or, 2 / = if\7r)+/(v); 


where 

Then 


and v=x~~at 

(lif _ ?^F(w) dw 
dx I'/r dj‘ de dx 


1 -h.A#’)* 1 


(where iha figure 1 is simply the coefficient of x in 
'io and r ), 


and 

Also 




df/ _ d F(w) dir d/(r) dv 
di~ '^tr dt 'dv di 


and 


= F(w’).a-/(r)a; 


whence 


'i¥~^ da^' 


Tliis differential e((nation is of immense importance 
in mathematical physics. (See also page 247.) 

i"* 

O 

Hazinia and Minima of’° Functions of two 
Independent Variables. 


Example (5). Let us take up again Exercise IX., 

p. no, No. 4. 

Let X Mid 1 / be the length of two of the portions of 
the string. The third is 30 the area of the 
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triangle is A = y)(s—36+f-f//), vfliere 

8 is tlie half perimeter, 15, so that A =\/l5P, where 
P = (15 — )(15 — V) < •>'*+2/— 15) 

= .^7 /^+— 15a^ — 15//^ — 4.^7/+450 j^+ ^5Qi/ — 3375. 
Clearly A is maximum when P is maximum. 

Z P , , 

^ ^ ^ ^ Off * 

P"or a maximum (clearly it ivill not be a minimum in 
tliis case), one must have sininltaneously 

?^ = 0an,r^^0; * * 

0.i- L// 

that is, 2j:‘y-’30jj+y“ — 4j(f/-f 450 = 0,'! 

2.i7/ - 30?/ + 45.V+4:>o = 0. J 

An immediate solution is ,?* = //. 

If we now introduce* this condition in the valife 
of P, we find 

P = (15 - -15)- 2./-^ - iSji- -f [)00x - 3375. 

(fP 

For maximum or minimum, *»6if^-150a!?-f 000a=(). 
, (f<i‘ m ‘ 

which gives a?= 15 qj* .r=10. 

Clearly £f=15 gives zero area; a’=10 gives the 


d^P 

a?=15 and —30 for j;* = 10. 


maximum, for j^ = >2j;— 150, which*is +30 for 


Exarn^^le (6). Find the dimensions of Im ordinary 
railway coal truck ^\ith rectangular ends, so that, 
for a given volume F the area of sides and floor 
together is as small as possible 
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T(^ie truck is a rectangular box open at tlie tojx 

Let X be the leiii^th and y be the width; then the 

V . 2V 2V 

depth is - • The surface area is S=.ry-)-"—. 
^ ./■y X y 

1^ . 'dS j ( 2F\ , / 2V\ j 

<IS = dx + g- dy=[ij-) dx+ --^ 5 -j dy. 

rn&ii iniuimiim (clearly it^wen’t be a maximum here), 

A 2r „ 

liere also, an iininediate solution is x^y, so that 
IS = = 2x-r “ t) lor ininiinum, and 


X ’ dx 




X=2 r. 


/i’ra/v'/sos .rU. (Sue page 20(i for Answers.) 




(1) Difrenuiliiito^the expression 

with res]:)ec.t to x alone, and witli respect to // alone. 

(2) Find the partial differential coefficients wdlh 
respect to ,i\ y and of the expfessiou 

t , it , it I it a it 

ii‘-y ; + xirz + ryz^ -f a*7/-»-* 

(:l) Let = 

Find the value of Also find the value 

?A* c>y dz 

dx-" ^ir ds- 

(4) Find the total differential of y=sw® 
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(5) Find tlie total differential of ;/= sin ; of 

y = (sin ; and o{ y — 

'i,' • • 

(6) Verify that the auiii of three (juantities x, y, i:, 
whose product is a constant A% is niininfinn when 
these three quantities are 0 (|ual. 

(7) Find the maximum or minimum of tlie function 

u — X 4- %ry -f //. ~ rwr 

(H) The post-office regulations state that no parcel 
is to lie of such a size tliat its lengtli J)lu.s its girth 
exceeds 6 feet. What is the gnaitest vorVime that 
can he sent })y post (a) in tlie case of a package of 
rectangular cross section; (Jt) in the ca.se of a package 
of circular cross sc^ction. 

(9) Divide x into 3 parts sucli that the continued 
product of their sine.s may Im* a maximum or minimum. 

(10) Find the maxinium or minimum of h— - * 

• If 

(11) Find maximum and minimutn of 

n — y-\- 2x — 2 log* y — 1 o^* ;/*. 

* (12) A telpherage hindvct of given capacity hafT 
thi? shape of a horizontal isosceles triangular ]>i-ism 
Avitli the ape^ underneath, and the opposite face cfjien. 
Find its dimensions in'* order that tlu; teast amount 
of iron sheet may l>e used ift-its construction. 



CHAPTER XVII. 

INTEd RATION. 

' • 

The great secret lias aliKidy Iweii revealed that this 

mysterious symbol J, which is after all only a long S, 

merely means “ the Mim of,” or “ the sum of all such 
(laantities as” It therefore resembles that other 
symbol ^ (the Creek Si(jin(t), vvhich is also a sign 
of summation. Tlien^ is this diflereiice, however, in 
the practice of mathematical men as to the use of 
tliese signs, that while 2 is generally used indicate 
the sum of a numher of finite (juantities, the integral 

sign I is gmierally Vised to indicate the summing up 

of a v'ast number of small quantities of indefinitely 
minute luagnittale, mere elements in fact, that go 

to make up the total required.* Thus 1 dy^y, and 

X. ^ 

Anyone can understand how the whole of anything 
can be conceived of as made up of a lot of little bits; 
and the smaller the bits the more of them there will 
be. Thus, a line one inch long may be conceived as 
made up of 10 pieces, each of an inch long; or 
of 100 parts, each part being long; 
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or of 1,000,000 parts, each of wJiich is ^ 

inch long; or, pushing tlie thought to tlie limits of 
conceivability, it may be regapdcd as made up .of 
an infinite number of elements each of which is 
infinitesimally small. * 

Yes, you will say, but what is the use of thinking 
of anything that way ? Why not think of it straight 
off, as a wliolc ? The sim^)k^ rc'ason is that thor ^ a ro ^ 
a vast number of cases in winch one cannot calculate 
the bigness of the thing as a whole without reckoning 
up the sum of a lot of small pai’ts. process of 

** inie(jraling’’ is to enable us to cahailate totals that 
otl)erwise we should be unal>h‘ to estimate directly. 

Let us first take one or two simple cases t/) 
familiarize ourselves with this notion of summing 
up a lot of separate parts. 

Consider the series: 


1+1 + 14-1 + ni + vh i + 

Here each member of tlie series is formt'd by taking 
it half the value of tJie preceding. What is the valu(? 
df the total if we could go on to an infinite number*" 
of terms? Every 8fliooib(^y know's that the answer 
is 2. Think^pf it, if you like, os a line. Begin with 

t h 'MU 

Fio. 46. 


one inch; add a half inch; adS a quarter; add an 
eighth; and so on. If %t any point of the operation 
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we stop, tliere will still be a piece wanting to make 
up the whole 2 inches; and the piece wanting will 
alw'ays be the same size as the last piece added. 
Tluis, if after having put together 1 , A, and w^e stop, 
there will be J wanting. If w'e go on till we liave 
added there will still be ^‘ 4 - w^anting. The 
reniaiiider needed will always be equal to the last 
add(id. By ah inhnite number of operations 
only should we reach the victual 2 inches. Practically 
we should reach it wlu'ii w’e gf)t to pieces so small 
that ther could not be drawn—that would be after 
about 10 terms, for the eleventh term is If w^e 

want to go so far that not even a Whitworths 
measuring machine would detect it, w’e should merely 
have to go to about 20 term.s. A microscope w^ould 

not show even the 18^** term ! So the infinite number 

• ^ 

of operations is no such dreadful thing after all. 
The inOyral is simply the whole lot. But, as we 
shall see, there are cases in which the integral 
calculus enables us to get at the exact total that 
there w'ould h<^ ms the result of• ,au infinite number 
of operations. In such cases ,t]ie integi'al calculus 
gives us a ru'pid and easy w'ay of getting at a result 
tha't would othorwuse require an interminable lot of 
elalx)rate w'orking out. So we had best lose no time 
in learning how to\iiite(jrate. 
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Slopes of Corves, and the Curves themselves. 

Let us make a little preliminary enquiry about Che 
slopes of curves. For we have seen that diflerontiating 
a curve means finding an expression for its slope (or 
for its slopes at difieront points). Can we perform 
the revei’se process of reconstrueXing the whole curve 
if the slope (or slopes) are [A^escribed for us ? 

Go back' to case (2) on p. 84. Here we have the 

simplest of curves, a sloping line with the equation 

* • 

y = ax-\-b. 
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We know that here b represents the initial height 
of y when a?»=0, and tl^it », whicli is the same as 
is the “slope” of the lino. The^ne has a constant 

slope. All along it the elementary triangles 



* ^ 

have the same proportion between height and base. 
Suppose we were to takp the dx'B and % s of finite 
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ma^riifcude, 80 that 10 dxB made up one inch, then 
there would be ten little triangles like 



Now, suy)pose that we were ordered to reconstruct 
tlu' “ curve,” starting merely from the information 

= a. What ‘could we do ? Still taking the 
dx *=* 

little r^s as of finite size,"we could draw 10 of tlioiii, 

all ivitli the jsarne slope, and then put them together, 

end to end, like this: 



And, as the slope is the same for all, they would join 
to make, as in Fig. 48, a sloping line sloping with the 

correct slope And whether we take the df/s 

and tfaj’s as finite or infinitely small, as they are all 
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alike, clearly “ = «» if we reckon y as Jbhe tot^ of 

all the tiy’s, and x as the total ©f all the dxB. Rat 
whereabouts are we to put this sloping line? Are 
we to start at the origin 0, or higher up? As the 
only information we have is as to the slope, we are 
without any instructions as to the particular height 
alx>ve 0\ in fact the initial height is undeternii«ed. 
The slope will be the same, ’(yhatever the initial height. 
Let us therefore make a shot at what may be w'antcjd, 
and start the sloping lint^ at a height* C ^ibove 0. 
That is, we have the equation 

y — ax-^C. 

It becomes evident now that in this case the added 
constant means the pni-ticiilar value that y has wdien 

Now let us take a hanlor wise, that of a line, the 
slope of which is not consiant, but turns up nujnj and 
more. Let us assume that the upward slo})e gets 
greater and greater in proportion as x grows. In 
symbols this is : 

^thf 

; =ax, 
ax 

Or, to give a concrete cifrie, take a = L 

fhf 1 
, 7 :,; = ^*- 


Then we had best begin by calculating a few of 
the values of the slope at different values of and 
also draw little diagrams pf them. 
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\^^len 

x = 0, 

dx ’ 

— 


w=l, 

o 

il 

— 


a? = 2, 

O 

II 



a?=S, 




II 

1 

II 

o 

ob 

Zl 


ar=5, 

• 

p 

ii 

zd 

Now try to put tlie 

pieces together, setting each .so 

til at the 

middle of its 

base is tlie 

proper di-stancc to 


the rij^ht, and so that they tit tojr(3ther at the corners; 
thus (Fig. 41)). The result is, of course, not a smooth 



curve: but it is an approximation to one. If we had 
taken bits half as long, and twice as numerous, like 
Wig. 50, we should have a b^ter approximation. But 
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for a perfect curve we ought to take each dx anti its 
corresponding dy infinitesimally small, and infinitely 
numerous. * 



O* / 2 3 4 6 X 


Fio. f>0. 


Then, how much ought the value of any 2 / to be ? 
Clearly, at any point P of the curve, the value of 
y will bo the sum of all the little (//y’s from 0 up to 

that level, that is to say, ^dtj — y. And as each dy is 

equal to it follows that the wdiole // will be 

equal to the sum of all such ]>iLs as \ x*dx, or, as we 

should write it, £f • dx. > 

Now if X li/id been constant, \\x*dx would have 

been the satie as \x\(\x, or ix^. But x began by 

being 0, and increases to the particular value of x at 
the jxjint P, so that its average value from 0 to tliat 

point is ^x. Hence \ lxdx=^-^x^ \ or 

But, as in the previous case, this requires the addition 
of an undetermined conafcant O, because we have not 
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bceiit told at what height above the origin the curve 

^ o o 

will l)egin, when 07 = 0 . So we write, as the equation 
of'the curve drawn iii Fig. 51, 



X 

Fio. T)!. 


Exercises A'VI. (See page 290 for Answers.) 

(1) Fiiid the ultimate sum of f, 4-1 + +iV+A 4*etc. 

(2) Show that the series 1 — ^ 4- —} 4-1 — J +1 etc., 
i.s convergent, and find its sum to 8 terms. 

fr 

lySt ojS ir ^i4 

(3) If log,(14- ip) - £J7 —“2 4- w — 4- etc., find log, 1 *3. 

(4) Following a reasoning Similar to ttat explained 
in this chapter, find y, 

(5) If ^■•SiT+S, find y. 

OfX 





CHAPTER XVUr. 

l^^TEGRATING AS Till-: UEVKKSE OF 
DIFFERENTIATING. 


Dipferentiatino is tlie process by which when y is 
given us (as a function of jr), we can tiiid 

ii (X‘tV 

Like every other inatluMuatical (jporation, the 
process of differentiation may be reversed. Thus, if 

/ s 

differentiating y—x^ gives us ^ — then, if one 

l^egins with would say tl*at reversing the^ 


process would yield y =But here comes m a curious 
point. We should get = if wo had begun with 


any of the following: or a?*4-a, or x^+c, or 

with any added constant. So it is clear that in 


working backwards from 



one must make 


provision for the possibility of there being an added 
donstant, the value of which will be undetermined 
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until ascertained in some other way. So, if differ¬ 
entiating u?'‘ yieMs backwards from 


In *■ ' 

^will give us //=j?”H-C; wherp‘tf stAnds 

for llie yet undetermined possible constiini. 

Clearly, in dealing with powers of a*, the rule for 
\\orIving backwards will bo; Increase the power by 1, 
theft divide by that increased power, and add the 
undet<*riuined constant. *■ 

So, in the case where 

< 


(/// 



waking backw'ards, w'e get 


U = 


?<-}-1 


►.n f 1 


+C1 


f 


II ditferentiating the equation y = gives 

dtf 1 

ii.v 

it is a matter of coininon sense that lK?ginning with*^ 


ihf 

d,v 


am 


.n-l 


and reversing the process, will give us 


l/~a3d\ 

41 

So, when wc are dealing with a multiplying const&nt, 
we must simply put tlie constant as a multiplier’ of 
the result of the integration. 
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Thus, if the revorec proeess givls us 

iis is incomplete. For we must rememl)er ' 
that had started with 

where C is any constant (juaiitily whatever, we should 
equally have found 


I 
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f/x 




,n -1 


5^0, therefore, w'hen we reverse tlie p^cess w'e inu.st 
always reineinber to add on this unfleterinined con¬ 
stant, even if we do not yet kiunv what its value 
will he. 

♦ 

This process, the reverse f)f diflerentiatin^, is tilled 
i^fteyrainKj \ for it consisis in lindinjjj tlie value of 
fhole (juantity y wIh'ii vvju are given only ab 

Jsion for du or for flitherto we have as 

dx 

much as possible ke[)t ihj and dx togcth(‘r as a dif¬ 
ferential coefficient: iu-nct*ff)rth we shall more often 
have to separate them. 

If we begin with % siiJij)le case, 



^h' 




We may write this, if we like, as 

dy^a^dx. 

Now this is a “ difierential equation ” which informs 
US that an element of y is equaf to the c<3rresponding 
j^ment of x multiplied Jby x\ Now, what we want 

C.M.E. N 
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t 

is integral; therefore, write down with the proper 
syrnlx)! the instructions to integrate botli sides, thus: 



[Note as to reading integrals: the above would be 
read thus: 

**I'nl('(jral dee-wy equals inteyml eks-squared dee-eks''] 

4 

We haven't yet integrate<l: we liave only wi’itten 
dowui instructions to integrate—if Ave can. I.jet us 
try. rienty oi other fools can do it—why not we 
also? The left-hand suh* is simplicity itself. The 
sum of all the bits of y is the same thing as y itself. 
So we may at onca* put: 

y=j. ih:. 

But when we come to the right-hand side of the 
equation W'e must renieml)er that what have got 
to sum up togctluu’ is not all the f/.r's, but all such 
terms as jc^dx \ and this will md be the same as 

“^*“1 (lx, Ijecause x- is nut a constant. For some of the 

f7a*’s will be multiplied by big valpes of x-, and some 
will be multiplied by small values of a?^/»according to 
what X happ‘ens to be. So we must bethink ourselves 
as to w’hat w'e know’ about this process of integration 
being the reverse of differentiation. Now, our rule 
for this reversed process—see p. 191 ante —^when 
dealing with a?* is “increase the pow’er by one, and 
divide by the same number as tiiis increased power,” 
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I 

That is to say, will be changed to Put 
this into the eriuation; but don't forget to add the 
" constant of integratiopi ” V at the end. So we gdt: 


You have actually perforniod the integration, 
easy 1 

Let us try another simple case. 


Let 


(ix 




How 


where a is any constant multiplier. Well,* we found 
wlieri ditterentiating (see p, 211) that any constajit 
factor in the value of y reappeared unchanged in the 

value of In the reversed process of integrating, 

f-fijC 

it will therefore also rea]:)pedr in the value of y, 
we may go to work as before, thus: 

dy = cuP * dXt 


^dy• dxy 


So that is done. How easy I 


♦You may ask : what has become of the little dx at the end? 
Well, remember that it was leally {Hurt of the diflerentioicoetliuient, 
and when changed over to the nght>hand side, as in the x^dx, 
serves as a reminder that x is the inaeptndent variable with respect 
to which the operation is to bo effected; and, as the rt^lt of the 
jwoduct being totalled up, the power of x has increased by ont. 
You will soon become fanuiiai*with all this. 
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Wcf begin to realize now that integrating is a 
process of finding our way hack, as compared with 
diflcrentiating. If ever, during differentiating, we 
have found any particular expression—in this example 
—we can find our way back to the y from which 
it was derived. The contrast between the two pro¬ 
cesses may be illustrated by the following illustration 
vine UJ a well-known "teacher. If a stranirer were set 
down in Trafalgar Square, aiul told U) tiud his way to 
Kusbai Station, he might (ind the task hopeless. But 
if he had *[)re\^ously been p<Tsonally conducted from 
Eustori Station to Trafalgar Sf^uare. it would be 
comparatively easy to him to lind liis way kick to 
Eusbm Station. 


Integration of the Sum or Diference of two 

Functions. 


liOt 




(iy = xhlx+a^d^. 


There is no reason why we sluwld not integrate 
each term separately: for, as ,may be sewn on p. 35, 
we found that wdien we differentiated the sum of two 
separate functions, the differential coefficient was 
simply the sum of the two separate differentiations. 
So, when we work Imcjcwards, integrating, the integra¬ 
tion will be simply the sum of the two separate 
integrations. *• 
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Our instructions will then be: 

|riy=|(aj^+a?®)efo; 

If either of the terms had been a negative quantity, 
the corresponding term iq the integral woukUhave^ 
also Iwien negat i\'e. So that diflereiicos are as readily 
dealt with as sums. 

How to deal with Constant Terms. 

Suppose there is in the (‘X[n’OHsion to be integrated 
a constant term—such as this: 

(Iff 


ilx 




This is laughably easy. For you have only to 
remember that when you (liflercntiated tiic expression 

1 / = auc, the result was Hence, when you work 

^the other way and integrate, the constant reappet^ 
multiplied by x. we get 

dy = x^(L-\-h * dXj 

^dy = ^x'^dx 

y = _-L- ;3yn+l ^ q. (7 
‘ W -f 1 

Here are a lot of examples on which to try your 
newly acquired powers. 
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Examplts. 

(1) Given = F^ind ?/. y = 2x^^'\~C. 

(2) Find |(or + ft)(j7+l)f/x-. It is (a + 6)|(./‘+ 

(o + h ) dx I or {a + h )+ .X') + C. 


dn 


(3) (liven //--f/r. Find y^ Ann. u=\gt^’\-C. 

(4) F’ift.l?/. 

dx 

f/// — {>vx) dx or 

dy = dx—x^ dx + x dx ; y =-- fxr—J.*;- dx -I- dx ; 

and y — -J x* — .V>tH- i./ ■- + C. 

(5) Intej^rate (>'75y‘‘'V7j'.*. /I // = 3.x'‘'‘‘'4*C. 

,All those lire easy enon^li. Ijet us try another csise. 


Let 


dx 


ax 


.-1 


Pnxieeding ns Ix'Eore, we will write 

dy = a^e ~ ^ • dxy 1 dy = o l.r ‘ ^<7.^*. 

^Wk •• V V 

Well, but wdiat is the integral (tf .v'^dx? 

If you look back amongst the yesiilts of differen- 
tinting x^ imd jr** and etc., 7^ou will fiftd we never 

got from any one of them as the value of 

We got Sixr from a^ ; we got 2x from we got 1 
from sd (that is, from x itself); but we did not get 
a?'^ from a?®, for two very good reasons. jPirst, oT* is 
simply =1, and is a coustapt. and could not have 
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* . i ’ . . 1 

a differential coefficient. Secondly, even if it tould 

be differentiated, its differential coefficient (fjot by 
slavishly following the usual rule) would be Oxap"\ 
and that multiplication by zeixi gives it zero value! 
Therefore when wo now come to try to* integrate 
we see tliat it does not come in anywhere 
in the powers of .r tliat are given by the rule; 



1 


,v.n+l 

kO/ • 


It is an exceptional case. 

Well; but try again. Look througlt^ll the various 
differentials obtained from various functions of and 

try to find amongst tbem ./‘“b A sufficient search 

till 

will show that we actually did get as the 


result of differentiating the function // = log,x’ (see 
p. 148). 

Then, of course, since wc know that differentiating 
log,a 7 gives us we know that, by reversing the 
process, integrating <hj~x‘'dx will give ns y = log*d 7 . 
But we must not forg(‘t the constant factor a that 
was given, nor mus^ we omit to add the undetermined' 
constant of integ^jation. This then gives us as the 
solution to tlie present^problem, 

' // = alog,ir-f 6^. 

N.B .—Here note this very remarkable fact, that we 
could not have integrated in the above ciiae if we had 
not happened to know the corresponding differentia¬ 
tion. If no one had found Out that differentiating 
log^ gave we should have been utterly stuck by 
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the i/’oblem how to integrate x’^^dx. Indeed it should 
be I’ninkly admitted that this is one of the curious 
features of the integral calculus:—that you can’t 
integrate anything before the reverse process of differ¬ 
entiating something else has yielded that expression 
which yon want to integrate. No one, even tc:)-day. 
is able to find the general integral of the expression, 





because has never yet been found to result from 
ditlerentiaCing'anything else. 


A V<>(h f>r s ivi jtle case. 

Kind + 

On looking at the. function to be integrated, you 
roinark that it is the product of two different functions 
of X. Vou could, you think, integrate (u7+l)</.r hy 
itself, or hy itself. Of course you could. 

But what to do with a product? None of the differ¬ 

entiations you have learned have yielded you for the 
^Jiderential coethtaiMit a product like this. Failing' 
such, the simplest thing is to mViUii'jly up the tw'O 
functions, and then intesrrate. Thisf trives us 

* |(a?“ -h 3.1,* + 2)(Ix. 

And this is the same as 


Ju?' clx -h -b 

And performing the integrations, we got 
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Some other Integrals. 

Now that we know that iutcijjjraticni jh tlie reverse 
of differentiation, we may at once look up tltfi cliffer- 
entia^ coefficients we already know, and sec from 
what functions they were derived. 'I’liis ^ives us the 
following integrals ready maf^e : • ^ 


X' 


x 


_1 


(p. 14H); J./rV/.r 

(p. 149): 1 d, 

^ jx-hn 

(p. 143): Je*r/.r 


- lo,ir. X + C- 


(./*+«)+(7. 




j'c" 


~€-=*+C 


(for if // = 


i 

’ dx 


X 0 — 1 X e* 

- =€-*> 


sin (p. 168); isinirfA/* =--C08.^*^C. 

^ • 

co.sjr‘ (p. 166); j5o.s./x/./’ =Hin;r+C. 
Also we may deduce the following; 


log, x; |log, X d.r = aj(log, a; — 1) -h C 

(for if y=a?log,a7—oj, = 1 = log,a?). 

Ct'X ^Xj 
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dx = 0 4343A-(log, a? — 1 )+O'. 


(p. 149); ^n^dx 


— j—•— H“ O. 
log. a 


cos ((X ; 


J cos (hr d,r = ^ si n ax + C 
a 


(for if y — m\(ht.\ j —acA^ax: hcMice to get cosax 

(t tf • 

one must different?/~ suiax). 

, 'V • a 


■sin (f,r ; 


f sin ax dx = — ^ cos ax+C. 

a 


Try also cos^O; a little do<lg(‘ will simplify inatceiTs; 
cos 20 = cos- 6) — sin“0 ■- 2 cos- 0 — 1; 
hence cos- 0 = A (c(xs i!d -f-1), 


and |cos2f)<^d = a|(cos 2d+l)r/9 


= Ajcoa 2 dr/^-+ A J.W. 

sin 20 . 0 , ,o, ^ 1 ^ 

“ . (Sefe also p. 227.) 

See also the Table of Standard Forms on pp. 280, 287. 
You should make such a tiible for yourself, putting 
in it only the general functions which you have 
successfulI 3 " differentiated and integrated. See to it 
that it grows steadily ' • 
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t 

On Double and Triple Integrals.* 


In many cases it is necessary* tn integrate sonv) 
expression for two or more variahlcis contained in it: 
and in that cas(‘ the sign of integration appe&rs more 
than once. Thus, 


y)dx(hj. 


means that some function of the variables ;r and y 
has to be integrated for each. It (k>eH matte.r in 
which or<ler they arc done. Tims, take the {unction 
Integrating it with resi)ect to x gives us: 

I (a;“ -f y-)dx = 1 .r^ + xif. 

Now, integrate this with respect to y ; 

j (4- otT)(hj = J J^y+1 , 

to which of course a constant is to be added. If we 
had reversed the order of the operatmns, the result 
wduld have hacn the same. 

In dealing with areas of surface>s and of ^iolicls, we 
have often to integi^te both for length and breadth, 
and thus have integrals itf the form i 

II i( • dxdyy 

where u is some property that depends, at each point, 
on X and on y. This would then be called a fmrface- 
integral. It indicates tlvat the value of all such 
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el^inents mn^dx* djf (that is! to say, of the valjie of u 
over a little rectangle dx long and dy broad) has to be 
gummed up over the whole length and whole breadth. 

Similarly in the case of'solids, where we deal with 
three d'lmensions. Consider any element of volume, 
the small cube whose dimensions are dx dy dz. If 
the figure of the solid be expressed by the function 
///, then the whqle solid will have the volume- 
inUyrdl, 


^^ume = y,z)*dx*dy' dz. 


Naturally, such integrations have to be taken be- 
twccm appropriate limits* in each dimension; and the 
integration cannot be perforimid unless one knows in 
what way the boundaries of the surface depend on 
X, //, and z. If the limits for x are from x-^ to X 2 ^ 
those for y from y^ to v/g, and those for z from z-^ 
to Z 2 > then clearly we have 


volume = 





/{x, y, z) • dx • dy • dz. 




There are of course plenty of complicated and 
difficult cases; but, in general* it is quite easy to 
s^e the significance of the 'Symbols vhere they are 
intended fib indicate that a certain integration has to 
be performed over a given surface, or throughout a 
given solid space. 


* See p. 20^ for integration between limits. 
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• ^ y 

Exercises X VII, (See p. 297 for the Answers.) 

(1) Find when y^ — Atax, ^ 

(2) Find J| dx. 

(3) Find \-aMx. 

(4) Find 

(5) Integrate 5x~^. 

(6) Find 

Ti- dy ax . h.7r , e.i(^ 

<’>" a:,-T+ir+T i 

find y. 

(») Fi„.l fgjg)*. 

(9) Find ^{x-\-^fdx. 

(10) Find ^{x-\-^){x’-a)dx. 


(11) Find |( + i/x) 3rt“ dx. 

(12) Find j(sin 


(13; Find |cos-a0(^0. 

(14) Jiind 

0 

(15) Find jsin^a^^^. 

(IG) Find 

<H) Find ■ 

(18) Find' f-/-—• 
H—x 



CHAPTER XIX. 


ON FINDING. AREAS BY INTEGRATING. 

« f 

Onk use of the integral calculus is to enable us to 
ascertain the values of areas bounded by curves. 

Let us tr^ to get at the subject bit by bit. 



Fig. 62. | 

Let AB (Fig- 52) be a curve, the equation to which 
is known. That is, y in t^is curve is some known 
function of x. Think of a piece of the curve from 
the point P to the point Q, 

Let a perpendicular PM be dropped from P, and 
another QN from ^the point Q. Then call OM^qi\ 
and and the ordinates PM—y^ and QPl—y^. 

We have thus marked outithe area PQNM that lies 
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beneath the piece PQ* The problem is, how cari^we 
calculate the valtie of this area ? • 

The secret of solving this problem is to conceive 
the area as being divide'd up into a lot of narrow 
strips, each of them being of the width dx. The 
smaller we take dx, the more of them there will be 
between and x.* Now, the whole area is clearly 
equal to the sum of the areai* of all such strips. i)ur 
business will then be to discov(‘r an expression for 
the area of any one narrow strip, and to integrate it 
so as to add together all the stri}).s N<5w think of 
any one of the strips. It will be like this: 
beinor bounded between two vertical sides, with 
a flat bottom dx> and with a slightly curved 
sloping top. Suppose we take its average 
height as being y ; then, as its width is dx, its 
area will be ydx. And seeing that we may 
take the width as narrow as we please, if we 
only take it narrow enough its average height will be 
the same as the height at the middle of it. Now 
let call the unknown value of 4he whole area 
Sy meaning surface. §T]ie area of one strip will be 
simply a bit of tliQ whole area, and may therefore 
be called dS. • So we may write 

area of 1 strip =dS=y^ dx. 

If then we add up aU the strips, we get 

total area S= 

So then our finding 8 (jepends on whether we can 
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r 

int^‘grate y*<lx for the particular case, when we»know 
what the value of y is as a function of x. 

For instance, if you were told that for the particular 
curve in question y — h-\-ax^, no doubt you could put 
that value into the expression and say: then I must 

find 

That is all very v'ell, hut a little thought will show 
you that soinelhing moie must be done. Fecause the 
area wc are trying to find is not the area under the 
whole h'ligth of tlio curve, but only the area limited 
on the left by PM, and on the right by QN, it follows 
that w(‘ must do something to define our area between 
those 'UnuL^' 

This introduces us to a new notion, namely that of 
ioitf^gratituj lx tween limits. Wc suppose a? to vary, 
‘•and for the present purpose we do not re^Hk^^ny 
value of X below (that is OM), nor 
X above .x*., (that is ON). When an integT*al is wbe 
thus defined between two limits, we call the low^er 
of the two vahies the inferior limit, and the uppe^ 
‘value ike superior limit Any integral so Iimit‘e<|*< 
we de.signate a.s a definite integral, by way of dis-* 
tinguishing it from a general integral^ to which no 
limits are assigned. * 

In the symbols which give instructions to integrate, 
the limits are marked by putting them at the top 
and bottcun respectively of the sign of integration. 
Thus the iustructiorf 

I y^dx 

Jx=X\ • 
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will be read: find the^integral oi y*dx between^the 
inferior limit Xy^ and the superior limit x^.* 

Sometimes the thing is written-more simply 

rx./ 

y • dx. 

Jxi 


Well, but how do you find an integral between limits, 
when you have got these instructions ? 

Look again at Fig. 52 (p 206).* Suppose we oDuld 
find the area under the larger pierce of curve from 
to Qi that is from to x = .r,y naming the area 
AQNO. Then, suppose we could find Uth a»ea under 
tlie smaller piece from A to that is from x = 0 to 
x = Xy, namely the area APMO, If then we were to 
' subtract the smaller area from tlie larger, we should 
have left as a remainder the area PQNMy wliieh is 


whatj|j0 want. Here we have the clue as to what 
toJ||Hp6 definite integral between the two limits is 

between the integral worked out tor 
Pieauperior limit and the inti'gral worked out for the 
Jjs^wer limit. 

^ .Let us then go ahead. First, find the genera^ 
^Jintcgralthus: , 

* 

and, as 2 / = b-kcix^ is the equation to the curve (Fig. 52), 

is the general integral which we must find. 

Doing the integration in question by the rule 

' 

.CM.B. V 
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anc this will be the whole area fronn 0 up to any 
value of X that we may assign. 

, Therefore, the larger area up to the superior limit 


X 2 will be 


a 


Ijx2+-^X2^+0; 
and the smaller area up to the inferior limit will be 


a 






Now, subtract the siiiallor from the larger, and we 
get for the a^ea S the value, 

area S=b{X 2 — Xi)+^(x 2 ^-~Xi^). 

This is the answer we wanted. Let us give some 
numerical values. Suppose 6 = 10 , a = 0*06, and a? 2=8 
^and Xi = 6. Then the area is equal to 

10(8-C) + -5*'(8»-C’) 

tS 

= 20+0*02(512-216) 

,, =20 + 0*02x296 
= 20 + 5*92 
= 25 92. 

Let us here put down a cymbolic way of stating 
what we have ascertained about limits: 

rr=Zj 

ydx=>^y2-yi. 

^ .V 

where 2^2 is tihe integrated value of ydx corresponding 
to a? 2 , and y^ that corresponding to Xi, 
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AH integration bet^reen limits requires the dllTer- 
ence between two values to be thus found. Also note 
that, in making the subtraction the added constant. C 
has disappeared. 


Exaviples. 

(1) To familiarize ourselvhs with the process, let us 
take a case of wliich we know the answer beforehand. 

Let us find the area of the triangle (Fig. 53), which 

✓ • 

y\ 



IZ 

Fia. .53. 


base 07 = 12 and height 2/= 4. We know before¬ 
hand, from obvious mensuration, that the answer will 
come 24. 

^ Now, here we have as the “ curvei” a sloping line 
for which the equation is 

07 

. • /=3- 

The area in question will be 


y*dx^ 




^•dx. 


0 


07 

Integrating ^dx (p. 194), 

« • 


and putting down the 
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valulj of the general integral ih square brackets •with 
the limits marked above and below, we get 

r 1 1 

Lo Z Jx=0 

r ,2 nr = 12 

^ 4 -CM 

b Jjr=0 
12 ' 


area 


L () 


1 rc "I 

+ 0 - y.+C 
J L (j J 


I *^14 4 ) * A 

= --r= 2 k A)ts. 

() 

Note that, in dealing witli definite integrals, the 
constant (J alwaj^s disappears by subtraction. 

L(;t us satisfy ourselves about this rather suj'- 

]>rising dodge of calcula 
tion, by testing it on 
a simple example. Get 
some squared paper, pre- 
ft‘rab]y some that is 
rul(‘d in little squares of 
one-eighth inch or om;- 
tenth inch each way. On thist s(iuared paper plot 

out the graph of this equation, 

X 


5 

4 

3 

2 

i 




i 












































































fk!. rv. 


y q 


■n 


The values to be plotted will be: 


n 

0 

3 

6 

9 

12 

n 

0 

n 

2 

3 

D 


The plot is given in Fig. 54. 
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Now reckon out tfte area beneath the curvl by 
counting the little squares below the linfe, from = 0 

as far as a? = 12 on the ricrht. There are 18 whole 

* ^ . . 

squares and four triangles, each of whicli has an area 
equal to li squares; or, in total, 24 squared. Hence 

24 is the numerical value of the integral of \^d.)G 

between the lower limit of — O and the higher Jimit 
of £f = 12. 

As a further exercise, show that the value of the 
same integral between the limits of tyid a; =15 

is 36. 

(2) Find the area, between limits x = x-^ and ic* = 0, 
of the curve y = —\—. 



Area= 


a:=Zl 

y-dx 


X = Xi 

• h 


x-^a 


dx 


x=0 


**s 0 « 




214 


CAlfCULUS MADE EASY 

^ I 

, =6[log,(x+a)+C'j ‘ 

= h [log, (j?i+a)+C’—log,(0+a)—<7] 

7 1 4“ >1 

= Ans. 

^ a 

Let it be noted that this process of subtracting one 
part from a larger to fi/id the difference is really a 
common practice. How , do you find the area of a 



Fig. 56 


plane ring f36), the outer radius of which is rg 
pud the inner fadius is You know from men¬ 
suration that the area of the outbr circle is ; then 
you find the area of the inner circle, ; then you 
subtract the latter from the former, and find area of 
ring = ; which may be written 

= mean circumference of ring X width of ring. 

(3) Here's another case—that of tht die-away curve 
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* • • 

(p. 156). Find the ar& between £t‘ = 0 and x=^k. of 
the curve (Fig. 57) whose equation is 

2 / = & 6 -* 

x=0 


The integration (p. 201) gives 



= />(] -e-“) 



(4) Another example is afforded by tfie adiabatic 
curve of a perfect gas, the equation to which is 
pd^ = Cy where p stands for pressure, v for volume, 
and n is of the value 142 (Fig. 58). 

Find the area under the curve fwhich is proportional 
to the work done in suddenly compressing the gas) 
from volume to volume v^. 
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4 


I 


area 


f w = Wj 

ci;'” • dv 

IJ —Vi 

f 


Vt 

Vi 


— C--^ (v.2^ - « — - ») 

_ / 1 _ 1 

~0-4-2W7"^ 



^ Eiercihe. 

Prove the ordinary mensuration formula, that the 
area x\ of a circle whose radius is R, is equal to irRr. 

Consider an elementary zone or annulus of the 
surface (Fig. 59), of breadth dr, situated at a distance 



r from the centre. We may consider the entire sur¬ 
face as consisting of such narrow zones, and the 
whole area A will ^ simply be the integral of all 
such elementary zones from centre to margin, that is, 
integrated from r=0 to r = 7?. 

We have therefore to find an expression for the 
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• • 

elementary area dA of the narrow zone. Thinlc of 
it as a strip of breadth dr, and of a length that is 
the periphery of the circle of radius r, that is* a 
length of %Trr, Then we have, as the area of the 
narrow zone, dA = 27 rrr/r. 

Hence tlie area of the whole circle will be; 

{ rr=/t 

dA — 1 27 rr • tZr = 27r I r • dr, 

Jr~0 , Jr=0 

Now, the general integral of r* dr is Therefore, 

L Jr=0 


or 

whence 


Jr=0 

A = TrR\ 


Another Exerciee, 

Let us find the mean ordinate of the positive part 
of the curve y = x—x^, which is shown in Fig. 00. 



To find the mean ordinate, we shall have to find the 
area of the piece OMN, and then divide it by the 
length of the base ON. But* before we can find 
the area we n#ust ascertain the length of the base, 
so as to know up to what lin^it we are to integrate. 
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At the ordinate y has zero value; therefore, we 
must look aA the equation and see what value of x 
will make y — 0. Now, clearly, if a? is 0, y will also be 
0, the curve passing through the origin O; but also, 
if .3? = 1, ?/ = 0 : so that x — l gives us the position of 
the point N. 

Tlien the area wanted is 


t 



1 

Tf 


]—[0—0]—:J-. 


But the'base length is 1. 

Therefore, the average ordinate of the curve = 

[iY./y.—It will be a pretty and simple exercise in 
maxima and minima to find ])y differentiation what 
is the height of the maximum ordinate. It must be 
greater than the average.] 

The mean ordinate of any curve, over a range from 
a? = 0 to x = .i\, is giv'en by the expression, 

mean y — —’ \ y^dx. 

Jx='n 

%/ 

If the mean ordinate be required over a distance not 
beginning at the origin but begjrining at a poi^ 
distant from- tlie origin and endings at a point 
distant frdm the origin, the value will be, 

1 

mean ?/=- 

x^^x^ 
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. Areas ii» Polar Coordinates, 

When the equation of the boundary 6f an area is 
given as a funetion of the dist,aiice r of a point of it 
from a fixed point 0 (see Fig. 61) called the 'pole, and 



of the angle which r makes witli the positive hori¬ 
zontal direction OX, the process just explained can 
be applied just as easily, vith a small tnodification. 
Instead of a strip of area, we consider a small triangle 
OAB, the angle at O being dO, and we find the sum 
of all the little triangles making up the required 


area. 


The area of such a small triangle is approximately 

AB rdO ^ 7- f n » 

-^xr or ~^xr;, hence the portion oi the area 


included between the curve and two positions ^f r 
correspondiifg to the aagles tJj and fig is ^iven by 
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(1) Find the area of the sector of 1 radian in a 
circumference of radius a inch. 

j 

The polar equation of the circumference is evidently 
r = (i. Tlie area is 


fc-i 

, 2 2 


(2) Find the area of tlio first ({uadrant of the curve 
(kno\vri as “Pascal’s Snail”), the polar equation of 
whicli is,y’ = vT(l 4-cos f)). 


f B 

4cos O'fdS 

0=0 

=$r^(i+2 

- J9 = 0 


COS O + cos"d)ft0 


fy I 

a- 


I /D i O * /-) I ^ I 


_<r‘437r4-8) 

8 


^ Volumes by Integration. 

What we have ilone with th(/area of a little strip 
of Jf surface, we can. of course, ju§t as easily do with 
the volume ^of a little strip ftf a solid. ' We can add 
up all the little strips that nmke up the Total solid, 
and find its volume, just as w’e have added up all the 
small little bits that made up an area to find the final 
area of the figure operated upon. 
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• ■ * 

f * 

Efamples. 

(1) Find the volume of a sphere of radius r. 

A thin splierical sliell Jias for volume ^ira^dx (see 
Fig. 59, p. ^16) ; summing up all the concentric sliells 
which make up the sphere, we liave 

J x=r 

^Trx^dx — Ai'ir\ ~ =-J-7rr®. 

a:=0 L O Jo 



M^e can also proceed as follows: a slice of the 
sphere, of thickness dXy has for volume itifdx (sec 
Fig. (12). Also X and ?/ are related by the expression 

y^—ir — xK 

Hence volume ^licrc = 2J Tr(r- — x^)dx 

= 2^ I r^dx-y\ x^dx 
' LJx^O Jx^o 



(2) Find the volume of the solid generated by the 
revolution of the curve 2 ^- = 6a? about the axis of x, 
between x = 0 and it*=4. • 
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Tlie volume of a slice of the solid is iri/^dx,, 

\ 

Pence volume = Try-dx = ^ir\ x dx 

JX-Q I Jx=0 


r~ tj 

= H2 


= 4S7r = 150\S: 


On Quadratic Means. 

In ^certain branches of-physics, particularly in the 
study of alternating electric currents, it is necessary 
to be able to calculate the quadratic mean of a 
variable (•juantity. By “(quadratic mean” is denoted 
tho squan* root of the mejin of the squares of all the 
values between the limits considered. Other names 
for the quadratic mean of any quantity are its 
“virtual” value, or its “rm.s.” (meaning root-mean- 
square) valin\ The French term is valeur ejjficace. If. 
y is the function under consideration, and the quad-' 
ratic mean is to be taken between the limits of a:?=0 
and x = l\ then the quadratic mean is expressed as 



Examples, * 

(1) To find the quadratic ineftn of the function 
y=rtx (Fig. p3X 

Here the integral is 1 a^a^dx, 

which is 

Dividing by I and^ taking the square root, we have 
quadratic mean=-^af. 
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the arithmetScal mean is hal ; and the ratio 
of quadratic to arithmetical mean (this ratio is called 

2 

the fonn-facto)) is —1’155. 

v8 



or 


(2) To find tlie quadratic mean of the function 

|'r=Z _ 

The integral is I that is 7 )— • 

Hence quadratic mean = /v/£. , 

^ V2rt+1 

X 

(3) To find the quadratic mean of the function ?/ = a^. 

( x-Z / J\2 ^ rx.-z 

\a-j djr. tiiat is 1 n^djc> 

x«0 Jj 0 

' r n'^ 


. . . n^-gl 

whicn IS 


Ipg.d 

2 rjTzrr 

Hence the quadratic mean is \ ri -- 

V llo^^a 
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E.rcrciftes XVIll. (See p. ^97 for Answers^) 

(1) Find ihe area of the curve y — + be¬ 

tween x = 0 and j:; = 0', and the mean ordinate between 
those limits. 

(^2) Find the area of the parabola y = 2axjx between 
.r = 0 and x — a. Show that it is two-thii‘d.s of the 


reclaii<j;le of the liinitiiiir ordinate and of its abscissa. 

(.‘ly Find the ai-ea of tke positive portion of a sine 
curve and the mean ordinate. 


(4) Find the area of the portion of the curve y = bin-£t? 

from O' to IbO", and find the mean ordinate. 

(5) Find the area included Ix'tween the two branches 

of the curve = from ,/' = 0 to a:* = l, also the 

area of the positiv^e portion of the lower branch of 
the curve (see Fijif. 30, p. 108). 

(6) bind th(‘ volume of a cone of radius of base r, 
and of height h. 

(7) Find the area of the curve 
tween x = 0 and .r= 1. 


(S) Find the volume generated by the curve 
y — ^\ as it revolves about the axis ^f x, be¬ 
tween X — 0 and J * 


(id Find the volume generated by a sine evAy^ 
revolving al^ut the axis of x.* ^ 

(10) Find the area of the portion of the curve 
xy — ii included between and Find the 


mean ordinate between the^ limits. 
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* ‘ . 

(ly Show that the /juadratic mean of the funi^ion 

y=sina?, between the limits of 0 and tu radians, is 
Find also the arithmetical moan of the same 

2 

function be<?ween the same limits; and show that the 
form-factor is =]'ll. 

(12) Find the aritlimetical and ijundratic means of 
the function 3.;t‘+ 2, froni to 


(13) Find the quadratic n^ean and the arithiufucui 
mean of the function y — sin,/*+/! j sin 3.r. 

(14) A certain curve lias the e(|nation *//=^3 

Find the area included between the curve and the 
axis of .r, from the ordinate at ,r = 2 to the ordinate 
at ,r — h. Find also the lieiolit of the mean ordinate 
of the curve betwi'on these points 

(15) Show that the radius of a circle, the area o4 
widcli is tvxice the area of a polar diagram, is equal 
to ||ie quadratic mean of all the values of r for that 
polar diagram. 

(lb) Find the volume generated^ hy the curv^e 


’-x) rotating about the axis (if x. 


6 



CHAPTER XX. 

DODGES, PITFALI-S, AND TRIUMPHS. 


Dodges. A great part ot the labour of integrating 
things consists in licking them into some shape that 
can be integrated. The books—and by this is me^nt 
the serious books—on the Integral Calculus are %ii 
of plans and methods and dodges and artifices 
this kind of work. The following are a few of 
them 

• Integration by Farts. This name is given to a 
dodge, the formula for which is 

{ tida.‘ = tix— ^xdn+C. 

It is useful in some cases that you can’t tac^e 
directly, for it shows that if in any case jxdu can 
be^ found, then can also be found. Tlie formula 

can be dedijccd as follows. From p. 38,Ve 

d {itx)=udx-\‘xdu, 
which may be written 

ud c= d(tix) — xdu, 

which by direct integration gives the above expiiision. 
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• 

Exam2)les. 
(1) Find 1 

» 

• sin w dw. 

Write = 

A 

and for sin w • dw write dx. We shall 

^ A 

then have dn = dw^ While I sin ?r • dtr = — cos w = x. 

V 

Putting these into the formula, w^e get 

1 w' • sin w dw = — cos //•) — I — cos w dw 


= — w COS w +sin w +(7. 

^ Find 

dx. 

/write 

II 

tu 

II 

•Jr, 

then 

dn = dx, r ~ €^, 

and 

Xx^dx — xe^— [e'^dx (by the formula) 

¥ 

J J 

= = e*(a? — 1) + C. 

0-) Try ( 

cos^deZd. 

*1* 

u = COS d, cos 6 dd = dv. 

Hence 

du = — sin 6 dB, v = iin d, 

^ A 

] 

cos^d dd^ cos d sin d -4- 1 sin^d dB 

•I 

•/ 


= ^— +|rf0-|cos2erfd. 


2j"cos®0 =2^^+0 
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(4) Find si n x dr. 

AVrite X“ = n, sin x dx = dv ; 

then dn = 2x dx, v = — cos x, 

sin X dx = — .x*^ cos ir? + 2^x cos .x dx. 

Now find Xxao^xdx, integrating by parts (as in 

t t ^ 

Example 1 above): 

|.x* cos X dx — X sin x + cos x + C. 

Hence 

|.ij“ sin X dx — — cos x + 2x sin x + 2 cos x + G' 

= 2 x'sina?+cosx‘^l — -\-U. 

, (5) F'ind ^>Jl — a^dx. 


Write 
then 

and x^v \ so that 


— .X*-, dx - dv ; 
X dx 


dfi= —(see Chap. IX., p. 67) 

i- X 




|>/i — x^dx = xs/l — 1 


j 


V — X'" 

Eere vve may use a little dodge, lor we can write 

J J \/\—x^ JiJV — ac^ isj^ — x- 

Adding these two last equations, we get rid of 
and we have 
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. ... 

(IjC • • ^ 

Do* you remember ibeeting —? it is got by 

differentiating // = arcsina: (see p. 171); hence its i;i- 
tcgral is arc sin ,x\ and so * 

— — ^ arc sill if + C 

You can try now some exerciv^es by yourself, you 
will find some at the end of this chapter. 

Substitution. I'liis is the same dodge as explained 
in Chap. IX, p. G7. Let us illustrate ittj application 
CO integration by a few examples. 

( 1 ) S+judx. 

Let 8 -f .r* = u, d.v ~ dii ; 



, Let 
sorthat 


11 

— and 

(ix 

J m dU 


j dx, _ 

f dv _ 

f <!» 

r du 


• 

u(u+^) 

hd-n 


dn 

1 


is the result of differentiating 


arc tan u. 


Hence the integral is arc tan e*. 

/o\ f _ f _ f _ 

JSH 2i+3 “ J£c2 -p 2a?+1 -4- 2 ~ J(a?+1)H 
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Let 


dx - dll ; 


tlien tho intetri'al becomes 1 - 


f di( 


but 


dii 




IS 


the result-of dififerentiating - arc tan 

^ a a 

Hence one has finally arc tan'— j— for the value 

of the ^iven integral. 

Formula' of Reduefion ap^ special forms applicable 
chiefly to binomial and trigonometrical expressions 
that have to be integrated, and have to be reduced 
into some form of which the integral is known. 

Rationalization, and Fai'iorizafion of Denominator 
are dodges applicable in special cases, but they do not 
admit of any short or general explanation. Much 
practice is needed to become familiar with these pre¬ 
paratory processes. 

The following example shows how the process of 
splitting into partial fractions, which we learned in 
Cliap. XIIL, p. 1?2, can be made use of in integration. 

f dX ' £ 1 ’J. ^ 


Take asrain 


int€^ partial fractions, this becomes (see p^ 232): 
1 r f dx f dx 


dx _f dx 


2v'-.2Ua?-f ,^-2 

Notice thai the same integral can be expressed 
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t . » . 

sometimes in more thad one way (whicli are equivalent 
to one another). * 

Pitfalls. A beginner is liable to overlook certain 
points that*a practised hand would avoids sucli as 
the use of factors that are equivalent to either zero or 
infinity, and the occurrence of indeterminate quantities 
such as g. There is no golden-rule that willjinect 
every possible case. Notliing but practice and intelli¬ 
gent care will avail. An example of a pitfall which 
had to be circumvented arose in C'hap. XVip., p. 199, 
when we came to the problem of integrating 

TrlumpJbS. By triumphs must be understood the 
successes with which the calculus has been applied to 
the solution of problems otherwise intractable. Often 
in the consideration of physical relations one is abl^ 
to build up an expression for the law governing the 
interaction-of the parts oi’ of the forces that govern 
them, such expression being naturally in tlio form of 
a differential equaiiov, that is an equation containing 
differential coefficients with or without other algebriic 
.quantities. And wden such a differenti.^1 equation 
has been found, oiRj can get no further until it^jias 
been integrsilted. Genryally it is much easier to state 
the appropriate differential equation than to solve it: 
the real trouble begins then only when one wants to 
integrate, unless indeed the equation is seen to possess 
some standard form of which t^e integral is known, 
and then the triumph is easy. The equation wliich 
results from integrating a differential equation is 
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' • I 


callorl* its “solution”; and ft is quite astonishing 
h.ovv in many cases the solution looks as if it had no 
rolaiion to the differential ^equation of which it is 
the integrated form. The ^solution oftep seems as 
diffei*(int from the original expression as a butterfly 
does from the caterpillar that it was. Who would 
have supposed that such an innocent thing as 

' % ^ I' 

dx — ar 


could blossom out into 


« 


t 




a+x 
n — X 


+ C? 


yet the latter is the solution of the former. 

As a last example, let us work out the above together* 
By partial fractions, 


] 


a- 




1 


■ x' 2a (a + x) 2a (a — x) 

/ — 4_ 

^ 'la{a +aO 2a (f t — ir;) ’ 
dx ,[ dx \ 

y-%i\ya+li^hi-x) 


1 

2a 

1 


= o . (lo. 






(a -h x) -•log, {a —x)) 

f 

a-VoS 


-*^- + (7. 
a—x 

*Thi8 means that the actu® result of solving it is called its 
“solution.” But many mathematicians would say, with Professor 
Forsyth, “every differential equation »j? consider^ as solved when 
the value of the deponddiit variable is expressed a» a function of 
the independent variable by moans either of known functions, or of 
integrals, whether the integrationa in the latter can or cannot be 
expressed in terms of functions alre^y known.” 
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t 

N6t a very difficult'hieiamorphosis! 

There are whole treatises, such as Boole’s Differen¬ 
tial Equations, devoted to the subject of thus finding 
the “ solutions ” for different original forins.^^ 

Exercises XTX. (See p. 298 for Answers.) 


(1) Find 1 

j dx. 

• 

(2) Find j 

1 

X loge.x? dx. 

» 

(3) Find J 

• 

(ix. * 

(4) Find J 

m 

1 cos e* dx. 

(5) Find 

*1 

^ cos (loge x)dx. 

(6) Fiinl’l 

dx. 

(7) Find 1 

•i 

1 X 

(8) Find | 

•J 

r dx 

\.}G logt.r* 

(9) Find 

j 

f + ^ dx 

L'=+a!-2 

(10) Find 

■ 

f {x^ — '^)dx 
—7a;-h6, 

(11) Find 

«• 

r hdx 

(12) Find 1 

• 

r4/.* dx 
\x^-l' 

''13') Find 

% 

f dx 

(14) Find 

i 

d.r 

\l-x* 

xs/a-’bx^ 



CHAPTER XXL 

FINDING 'SOJ.UTIONS. 


P 

In this chapter we go to work finding solutions to 
some importti-nt differential ecpiations, using for this 
purpose the processes shown in the preceding chapters. 

The beginner, who now knows how easy most o£ 
those processes are in thcn^selv(‘s, will here begin to 
realize that integration is an art. As in all arts, so 
in this, facility can be acquired only by diligent and 
regular practice. He wlio would attain that facility 
must work out ('xamples, and more examples, and yet 
more examples, such as are found abundantly in all 
the regular treatises on the Calculus. Our purpose 
here must be tc^ afford the briefest introduction to 
serious work. ♦ , 


w 

Example T. Find the solution of the differential 

equation ay + h^‘^ sO. 

Transposing we have 

1 .% 
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Nqw the mere inspection ei this relation telfe us 

that we have got to do with a case in which is 

ax 

• 

proportional to y. If wfe think of the curve which 
will represent y as a function of x, it wilt be such 
that its slope at any point will be proportional to 
the ordinate at that point, and will be a negative 
slope if y is positive. So pbvidusly the curves will 
be a die-away curve (p. 156), and the solution will 
contain as a factor. But, without presuming on 
this bit of sagacity, lot us go to work. • , 

As both y and dy occur in the equation and on 
opposite sides, we can do nothing until we get both 
y and dy to one side, and dx to the other. To do 


this, we must split our usually inseparable 
dy and dx from one another. 



companions 


Having done the dot'd, sve now can see that both 
sides have got into a sluipc that is integrable, because 

we recognize or -diL as a differential that ^e 

y ^ V 

have met with (p. 147) when differentiating logarithms. 
So we may'at once w^ite down the instructions to 


integrate, • 



and doing the two integrations, we have: 


log.y«-|a?+log,(7, 



236 CALCULUH MADE EASY 

t , j 

where log, (7 is the yet undetermined constant* of 
integration., Then, delogarizing, we get: 

which ia,the solution required. Now, this solution 
looks quite unlike the original differential equation 
from wliich it was constructed: yet to an expert 
mathematician they l)oth convey the same information 
as to the way in which y depends on x. 

Now, as to the (7, its meaning depends on the 
initial value»of y. For if we put x = 0 in order to 
see what value y then has, we find that this makes 
y — Ce~^\ and as e'° = l, we see that C is nothing else 
than the particular valuet of y at starting. This we 
may call ?/q, and so write the solution as 

a 


Example 2. 

Let us take as an example to solve 

where g is a constfint. Again, inspecting the equation 
wUi suggest, (1) that somehow or “other 6® will come 
into the solution, and (2) thaV if at any part of thfe 

* We may write down any form of constant as the “constant of 
integration,” and the form log, <7 is adopted here by preference, 
because the other terms in this line of equation are, or are treated 
as logarithms; and it saves complications aftcrwai^ the added 
consent bo of the same 

tCompare what was said about the “constant of hitegration,**^ 
with reference to Fig. 48 on p. 187, and Fig. 51 on p. 190. 
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« * # 

« 

t 

curve* y becomes either‘a maximum or a minimum, so 

that ^"^ = 0, then ?/ will have the value = -. But let 
dx ^ a 

us go to work as before, separating the differentials 

and trying to transform the thing into some in- 

tegrable shape. 

dv h\a •V' 
y-U ^ 

Now we have done our bust to get nothing but y 
and dy on one side, and notliiiig but dx on the other. 
But is the result on the left side integrable ? 

It is of the same form as the result on p. 148; so, 
writing the instructions to integrate, we have: 

r <i!l 


y-il 

^ a 


^ydx; 

b 


and, doing the integration, and adding the appropriate 
constant, * 


wlience 


y 




a 


aod finally^ 

I 

which is the solution. 


CL 


a 
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if the condition is laid dowA that y = 0 when'ji?=0 
we can find'C; for then the exponential becomes = 1; 
and we have 

0=f+C7. 

or 

a 

« 

Putting in this value, the solution becomes 
, • ''a 

But further, if x grows indefinitely, p will grow to 
a maximum; for when a?=^, the exponential = 0, 

giving = “• Substituting this, we get finally 

Cl 

a 

^ ^ )* 

This result is also of importance in physical science. 


. Example 3. 
Let 


sin lirnt 


We shall ^ find this much iess tractable than the 
preceding. First divide through by 6. 

=2 sin 2irnt 

dt b 

Now, as it stands, the left side is not integrable. 
But it can be made so by ^ the artifice—and this is 
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. « 

whe^e skill and practice suggest a plan—of multiplying 
all the terms by c*', giving us: 

^^€*'*+?ye^*^?€***sin tirnt, 

^dt y 0 

which is the same as 

=?€*’* • sin 2Trnt ; 

dt ^ dt 

and this being a perfect diil'^rential may be integrated 

• •!> 

thus:—since, if = = ^ 

=7 f e ''* • sin 2Trnt •dt-\-Gt 


h ff f 

f 

J 


•sm27rnt>dt-\-C€ * .[ a ] 


The last term is obviously a term whicli will die 
out as t increases, and may be omitted. The trouble 
now comes in'to find the integral that appears as a 
factor. To tackle this w^e resort to the device (see 
p. 226) of integration by parts, the general formula for 

which is [udv^ uv fr diu For this purpose write 


I = 

( dv = ^in2Trnt^dt 


We shall then have 


h a 


du — €^ x^dt; 


t}= — -— cos 27r^ 
zirn 
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Inserting these, the integral in question becomes; 

' I 

• Sin 21^11 • at 


1 ” 

^ • cos 2Trnt 

ZTT'W . 


f 1 O 4 h ^ It 

—J — 2 ^^ cos 27^w^ • e** * 


1 (C I* 

== — ;v - - € COS 2Trnt + j,- I • cos 27rnt 'dt .[b] 

'Ittu 2Trnb) *■ *' 


Tlie last integral is still irreducible. To evade the 
difficulty, repeat the integration by parts of the left 
side, but treating it in the reverse way by writing: 

j' u = sm2init\ 

\dv~e^*^ ‘ dt \ 

t dn = 2irn-i^s dt: 

b 

V= 

a 


i> 


Inserting these, we get 

-t 

^ • sin 27rHt • dt 

i 

= ^ • sin 2Trnt- ^^~ Jecos 27r%^ • dt, .....[c] 


^ a 


Noting tffet the final intractable integral in [c] is 
the same as that in [n], we may eliminate it by 

V 'jr'ti fi 

multiplying [b] by —;;;—and multiplying [c] by 
a 


a 


adding them. 
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» 

The result, when cldiired down, is: 


• sin 2 


^irnt • (It 


_ f a/j> sin 2irut — 27rnb^ • cos 27r?tf\ 

^ • /. 

Inserting tliis value in [a], we get 

{ a • sin 2irnt — 2Trnh * cos 2'7r^^'l 

a‘+4x'W.. ' /• • 

To simplify still further, *let us iiiiagino can angle 0 
such that tan^ = ?™^ 


Then sin ^ = 


2 - 77111 ) 
^ or + 


and cos d> = — , 

Substituting these, we get: 

cos <p • sin 'l-Knt — sin <j> • cos 27rnt 
^ ^ -v^a-^4-47rW6“ * 

which may be written 
* _ sin(27rrfc^ —0) 

(V+JiSTw’ 

which is the^solution desired 

This is .indeed none other than the ec/uation of an 
alternating electric curient, where g represents the 
amplitude of the electromotive force, n the frequency, 
a the resistance, h the coefficient of self-induction of 
the circuit, and 0 is an angle of lag. 


C.M.B. 
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Example 4. 


Suppose that Mdx+Ndy^O, 


We could integrate this expression directly, if M 
were a function of x only, and N a furfction of y 
only; but, if both M and N are functions that depend 
on both X and y, how are we to integrate it ? Is it 
itsoU' an exact diirertintial ? That is: have M and N 
each been formed by partial differentiation from some 
coininuu function U, or not ? If they have, then 


i'dU 

'dx 




\W 


^N, 


And if such a common function exists, then 




'dU J ,dU, 
ax+-::~~dy 
dx dy ^ 


is an exact difierential {compare p. l7o) 

Now the test of the matter is this. If the expression 
is" an exact differential, it must be true that 


dM^dK, , 

dy dx ’ 


for then 


djdU) d(dU) 
dydx* 


dxdy 

which is necessarily true. 

Take as an illustration the equation 

(14* )<ia?-f == 0. 



FINDING SGLIITKJNS 


I 

I» this an exact differential or not? 


test 


dy 

d{x^) 

dx 


= 3iB, 
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Apply the 


which do not a^ree. Therefore, it is not an exact 
differential, and the two functions 1 -}- 3£cy and a?® 
have not come from a comiflon original function. 

It is possible in such cases to discover; liowever, an 
integrating factor, that is to say, a factor such that 
if both are multiplied by this factor, the expression 
will become an exact differential. There is no one 
rule for discovering such an integrating factor; but 
experience will usually suggest one. In the present 
instance 2x will act as such. Multiplying by 2a?, we 

{2x + ^a^)dx + 2o(^dy = 0 . 


Now apply the test to this. 


' d{2x ^ exhj) 
' dy 


dx 


=6a;^, 


w 

whicji agi?eea Hence this is an exact difterential, and 
may be integrated. Now, if 

dw=^^x^ydx'\'23i?dy. 

Hence j*6a7*y dx +=w= 2x^y ; 
so that we get [7=0?*+2a5*y+<7. 
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7ii 

Example 5. Let = 0. 

In this case we have a differential equation of the 
second degree, in wliich y appears in the form of 
a second differential coefficient, as well as in person. 

iV“U 

Transposing, we have — —wy. 

It appears from this iliat we have to do with a 
function such tliat its second differential coefficient is 
proportional to itself, hut with reversed sign. In 
Chapter XV. we found tliat there was such a func¬ 
tion—namely, the nine (or tlie cosine also) which 
possessed this property. So, without further ado, 

we mav infiir that the solution will be of the form 

«/ 

y = A sin (pt+q). However, let us go to work. 
^Multiply both sides of the original equation by 2-^. 


and integrate, giving us 2 ^ 


d 


f<W 


dt 


as 


f y dy _ \dtJ Uly^~ - - 0 

^dt^dt~ >dt ' ^ 

C being a constant. Then, taking the square roots, 

Bat it can bo shown that (see p. 171) 


d 


(^arc sin 


whence, passing from angles to sines, 

rff 

arc sin ’~ — nt 4- and y = Csin (»i4- Oj), 
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m 

'whereCj is a constant single that comes in by integration. 
Or, preferably, this may be written 

t/ = A sin cos rU, which is the solution. , 




— nhf = 0, 


Example 6. 

Here w^e have obviously to deal with a function y 
which is such that its second dihei ential coefficient is 
proportional to itself. The only function we know 
that has this property is 'tlie exponential function 
(see p. 143), and we may he certain thert*fore that the 
solution of the equation will bo of that form. 

Proceeding as before, by multiplying through liy 

2 and integrating, wa get 2 = 0, 


. , c^dhfdy 

and, as 2 -f- = —j— 

dx^ dx dx 




-y- — n fj if -f & — 0, 
dx 

where c is a constant, and —= n dx. 
Now, if w = logt= log, f 


difi 1 dit. 


= l+' 


and 


_ __ ^ ^ y± Jif + 

du u dy + 

dw 1 




<iy + 

Hence, integrating, this gives us 

(?/ + J ?/^ + c®) = + log, C\ 

y+\/y^-Vc^)-Ce*^. . 

Now (2Zd* v^2Z®4-c^) X (— j/4- C-) = c®; 

whence “-yd- 


.-IMS 


( 1 ) 


..( 2 ) 
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Subtracting (2) from (1) ard dividing by 2. we 
then have i 

y~=i^ 2c ■ 

which is ipore conveniently written 

Or, the solution, which at first sight does not look 
as if ji^t had anything^ to do with the original equation, 
shows that y consists of two terms, one of which 
grows logarithmically as h increases, while the other 
term dies ^away as x increases. 


ICxample 7. 
Let 




. Examination of this expression will show that, if 
/> = 0, it has the form of Example 1, the solution of 
wliich was a negative exponential. On the other 
hand, if « = 0, its form becomes the same as that of 
Example 0, the solution of which is the sum of a 
pafitive and a negative exponential. It is tfferefore 
not very surprising to find that' the solution of the 
example is 


where 



and 


n 



9 

V 


The steps by which tlus solution is reached are not 
given here; they may be found in advanced treatisea 
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E:]pampLe 8 . 


<** ““ 


It was seen (p. 177) th*at tliis equation was derived 
from the original 

y = F{x + at) +/(a? -at). 


where F and / were any arbitrary functions of ^ 
Another way of dealing with it is to transform it 
by a change of variables into 


dhj 
da • do 



where u=^x-\-at, and v=^x—at, lending to the same 
general solution. If we consider a case in which 
F vanishes, then we have simply 

y=^Ax-(it)\ 

and this merely states that, at the time t= 0 , j/ is a 
particular function of x, and may be looked upon as 
denoting that the curve of the relation of // to x has 
a particular shape. Tlion any change in the value 
o{ < is equivalent siinply to an alteration m the origin 
from which x is reckoned. That is to say, it indicates 
that, the foijn of the function being conserved, 
propagated along the x direction with a* uniform 
velocity a; so that whatever the value of the 
ordinate y at any particular time at any particular 
point 070 , the same value of y will appear at the sub¬ 
sequent time at a point furthSr along, the abscissa 
of which is — In this case the simplified 



248 


CALCULUS MABE EASY 


equation represents the propagartion of a wave (of any 
form) at a uniform speed along the x direction. 

If the differential equation liad been written 


m 


fPy 



dhj 


the solution would have been the same, but the 
velocity of propagation would have had the value 

Ik 



CHAPTER XXII. 

A LITTLE MOUE AB0UT CUKVATURE • 

OF CURVES. 

In Chapter XII. wc liave Jeanied 1 k)\v vvcf caij find ont 
wliich wav a curve is curved, Uiat is, whcUuT it 
curv(is upwards or downwards towards the ri^ht. 
This crave us no indication whatever as to hoir TYUich 
the curve is curved, or, in other words, what is its 

ciirvaiiire. 

* 

Bv curviititrc of a lino, we mean the aujount of 
bending or defioction takinj^ j)lace alon^ a certain 
length of the lino, say alon^ a portion of the line the 
lengtli of whicli is one unit of lengtli (tlie sainti unit 
wjiich is used to measure the radius, wliether it be 
Qne inch, one ffx)t, o® any other unit). For instaiJce, 
consider two circular patlis of centre O and (/ and of 
equal lengtlwg A/i, A'B •'^sec Fig, (i4). When yjaasi'li^ 
from A to./i along the arc AB of the >irat one, one 
changes one’s direction from AP to BQ, since at A 
Qfse faces in the direction AP and at B one faces in 
the M^irection BQ. Inuisther words, in walking from A 
to ^ one unconscious^ turns round through the angle 
PCQ, which is equal to tlie angle A OB. Similarly, 
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in passing from A' to B', a,iong the arc A'B', of 
equal length to AB, on the second path, one turns 
round tlirough the angle B'C'Q\ which is equal to the 
angle A'O'B', obviously ijreater than the correspond¬ 



ing angle AOli. The second j)ath bends therefore 
more than the first for an equal Jongth. 

This fact is expressed by saying that the curvaiit/re 
of the second piVh is greater than that of the first 
onb. The larger the circle, the^ lesser the bending, 
that is the lesser the curvature. If the radius of the 
tiiwt* circle is 2, 4, ... etc. times great^er than the 

radius of.tivi second, then the angle of bending or 
deflection along an arc of unit length will be 2, 3, 
4, ... etc. times less on the first circle than on the 
second, that is, it will be J, J, ••• ®tc. of the bending 
or defiection alcoig the arc of same length on the 
second circle. In other words, the ctwvoturc of the 
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first circle will be ••• second 

circle. We see tlnit, as the radius becomes 2 , 3, 4, ... 
etc. times ^eater, the curvature becomes 2, 3, 4, ... 
etc. times smaller, and thi^ is expressed by saying that 
th^ curvature of a circle is inversely propoHioiial to 
the radius of the circle, or 

curvature == A* X , 

^ radius 


where h is a constant. It is agreed to take /i;~l,so 

that ] 

curvature = - .*—> 
radius 

alwaj^s. 

If the radius becomes inchdinitcly great, the curva¬ 
ture becomes .- 7 / .--- =zero, since when the denorni- 
innnity 

nator of a fraction is indefinitely large, the value of 
the fraction is indefinitely small. For this reason 
mathematicians sometimes consider a straight line as 
an arc of circle of infinite radius, or zero curvature. 

In the case of a circle, which is perfectly symmetri¬ 
cal and uniform, so tjiat the curvature is ttie saratfat 


every point of its (jircumference, the above method of 
expressing the curvature is perfectly definite. In*th^^ 
ease of any other curve, however, the *cii 7 vature is 
not the same at diS'erent points, and it may differ 
considerably even for two points fairly close to one 
another. It would not then be accurate to take the 


amount of bending or deflectiofi between two points 
ak a measure of the curvature of the arc between 
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f 

these points, unless this arc us very small, in- fact, 
unless it is indefinitely small. 

^ If then we consider a very small arc such as AB (see 
Fig. 65), and if we draw suth a circle that an arc .1^ 



of this circle coincides with the arc AB of the curve 
more closely tlian would be tlie case with any other 
circle, then the curvature of this circle may he tak^n 
as*the curvature of the arc AN of the curve. The 
smaller the arc AB, the easier it will be to find a 

fftTicie an arc of which most nearlv coincides with the 

• * 

arc AB of the cur\e. When A and B are very near 
one another, so that .4 B is so small so that the length 
(Is of the arc AB is practically negligible, then* the 
coincidence of the tw^o arcs, of circle and of curve, 


may be considered as being practically perfect, and 
the curvature of the curve at the point ^^(ot B), 



CURVATURE OF dURVES 253 

. 7 

I 

beino: .then the same aa the curvature of the circle, 
will be expressed by the reciprocal of the radius of 


this circle, that is, by according to our way of 

measuring curvature, explained above. 

Now, at first, you may think that, if is very 
small, then the circle must be very small also. A little 
thinking Avill, however, cause you to j)eree]v<‘ that it is 
by no means necessarily so, and that the circle may 
have any size, according to the anamut c)f bending of 
the curve along this very sm.-dl arc AH. ’In fact, 
if the curve is almost fiat at that point, the circle will 
be extremely largo. 'J'his circle is called tlui ctrcJc of 
cuTvtifure, or the ownUUing cl rdf a-t tlie point con¬ 
sidered. Its radius is the rad hi h of curvaiim of the 
ciwvt' at, that particular point. 

If the arc AB is r(‘p]-esent(‘fl by r/s and the angle 
A<^B by dO, then, if r is the ladins of curvature, 


ds — r do or 


dO_l 
da r 


The secant AB makes with the axis OX'the angle 
0, and it will be seen from the small triang](i 

that ^•‘^^ = tiui 
dx 


0. Wbcn^AB is indefinitely jsmall, so 


that B practically coincides with A, the line AB 
becomes a tangent to the curve at the point 
(or B). 

Now, t&p 0 depends on the position of the point A 
(or B, wlil^i is supposed to nearly coincide with it), 
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that is, it depends on x, or, in other words, tan 0 is 
“a function” of x. 

Differentiating with regard to x to get the slope 
(see p 112), we get 



hcnt‘(' 


_rf(tanj9) (Tyi^ 


dx 


or 7 '^ = sec^0 
n,r“ 




dx cos-^ d dx 
(see p. 168); 


D idx n j c dO dO dx. 

But =cos 6, and for one may write 




therefore 


1 _d0 _ dO dx 
r "" ds ~ dx tS 


= cos®6 


dhf dx^ . 


but sec 6 = V1 + tan^ 6; hence 


1 

r 


^d finally, 


(^y fpy 

d dit'^ 



da^ 


The numerator, being a square root, may have the 
sign + or the sign —, One must select for it the 
^me sign as the denbminator, so as to have r positive 
always, as a negative radius would have no meaning. 
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It has been sliown ^Giapter XTL), that if is 
positive, the curve is convex downwards, while if 
is negative, the curve is concave downwards. If 

ttJLf 

=0, tlie radius of curvature is infinitely great, 

tliat is, the corresponding po»'tioii of tlio curve isu bit 
of straight line. This necessarily liappens w}ienev<‘r 
a curve gradually changes from being convex to con¬ 
cave to the axis of x or vice versa. Tlie point where 
this occurs is call(‘d a point of i n flexion. 

The centre of the circle of curvature is called the 
centre of curvature. If its coordinates are then 

the equation of the circle is (see p. 102) 


hence 

and 


(x - )- -f- (// - Pyf =-- ; 

2 (x - Xj)da) + - (// - yx)d!/ = 0 , 

X Xi + (// ^ ■ 



Why did we differentiate ? To get rid of the c(ui- 
stant r. This leaMJS but two unknown constants x, 
diff^ntiate again; you shall get rid of one of 
tnem. This last differentiation is not quite a,s easy as 
it seems; let us do it together; we have: 
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the numerator of the second term is a product; Jience 
differentiating it gives 

'• ' dr, dr dr ^ djrKdx! 

SO tliat the result of differentiating (1) is 


1 + 




from this we at once get 


1 + 


2/i = //+ 


id,^ 

^.dr) 


Heplacing in (1), we get 




1 + 

d,v‘ 



and finally, 



,<*1 and //^ give the position o^ the centre of curvature. 
The use of these formulae will bo best seen by care¬ 
fully going through a few worked-out examples. 

E.rampU ]. Find the radius of curvature and the 
coordinates of the centre of curvature of the curve 
^s=2a‘-— at the point a?=0., 
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We have 


dy 

djc 




tV.-x 






[dej 1 

{l+(4,i’-!)*!}« 


4 

dx- 



> 


when x — 0 ; this becoriies 

M 


/\/ <s 
1 


= 0707. 


267 


If jpj, i/j are the coordinates of the centre of curva¬ 
ture, then 

W f (4r-l){l+(4^-l)‘} 

4“ 

// y*^ 

-0 (-i){i+(-i)n 1 

4 “2 

when a;=0, y = 3, so that 


2^1=2^ 




1 +( 4 . 2 ?— 1)2 

4 =« 


l+(-l)2 




Plot the curve and draw the circle, it is both in¬ 
teresting and instructive. The values can be checked 
easily, as since when oj-O, ^ = 3, here 

+ or •6*-f62=-50 = -707« 


C M £. 
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Example 2. Find the radius^ of curvature and the 
position of the centre of curvature of the curve 
= at the point for which y = 0. 


Here ‘ w = = = 

•' dr 2 i 


2.3 


hence 




‘2 


r 


1 

'1 


43’ 



(4.y d-w)^ 

2m^ 


taking the — sign at the numerator, so as to have r 
positiv(\ 

A 

Since, when // = 0, a? = 0, we get^r = —^ 

2nv ^ 


Also, if OTj, are the coordinates of the centre, 


I 


dx t 



r 


= a? 


t 



= 0?+ 


4x+m 


= 3a?-f- 


when 


a7=0, then 



m 

9 


2 


*®i§ 
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when *r* = 0, //i = 0. 



Example 3. Show that tho.ciiclo is a cur\e of 
constant curvature 

If j), ?/, are the coordmaU'S of the centre, and /jf 
is the radius, the e(iiiation of the circle in rectangular 
coordinates is 

(x-Xif->r(y-yif=ir-, 

this is easily put into the form 


To diliVrentiate, let R^—{x—J\Y = v ; then 


I . ^ -l n/ V 

+y,. 2(a; j\), 

4 - 

' - (x - . Ti) 

Differentiate again, using the rule for difterentifttii 
of a fraction, we get * 

^ d 


dv 
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(it is always a good plan to,write but the whole 
expression in this way when dealing with a compli¬ 
cated expression); this simplifies to 




hence 




m 




± 


y = . 




(x* — 




the radius of curvature is constant and equal to the 
radius of the circle. 


Exa mple 4. Find the radius and the centre of cur¬ 
vature of the curve — at points where 

x = 0, x^O’i) and x = l'0. Find also the position of 
the point of inflexion of the curve. 

i 

Here ^=3;/?®—4aj+l, 

dx dor 


• " ■6x-4 



(3a;"-4x-fl){l + (ag^~4a?-H)2} 
6a?—4 I 





l-f(3x>- 4 a?-f ly 
6a?—4 
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When 37 = 0, y= —1, • 

r=^ = 0-707. a;j = 0+J = 0-5, = = 

• 

Plot the^ curve, mark the point 3 ;= 0 , y*^ —1, take 
two points on either side about half an inch away and 
construct geometrically the circle passing by the three 
points; measure the radius and the coordinates of ^ 
the centre, and compare wifli the above results. On a 
diagram, the scale of which* was 2 inches = unit length, 
the construction gave a circle for whicji r = 0'72, 
£fj = 0-47, 2 / 1 = -1’53, a very fair agreement. 

When 37 = 0*5, y= —0*875, 


a,.j = 0-5 - I'O?=0-33, 

1 00 

= - 0*875 -f = -1*96. 


The diagram gave r = 0*98, a?i»=0*33, yi=-l*83. 
When 37=1, y= 1, 

.it' 

y,= -1+^-^= -0-5. 


The diagram gave r=0‘57, 3?! = 0*96, y^=: —0*44. 
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iPv 

At the pqirit of inflexion = Gx‘—4 = 0, and 

. hence ?/ = 0’925. 

9 

Exampki 5. Find the radius and centre of ciirva- 

tnre of the curve //=,, j^e'^ + e at the point for 

wliich^ ,>; = 0. (This curve is called the cafe nary, as 
a han^iru^ chain affects the same slope exactly.) The 
ecjuation of the curve may be written 

* ** (I .a 

//=2t’' + 2^ 

then (s(je p. 150 Examples), 

fh/ a \ I a 1 I / - 

(f,r I a "I a 2 \ / 

Similarly 

' kC -t-e I —.V X - - 


(lx- -it I 


J '1(1 (I 


(C 


r= 


1 / ^ 

7 

a- 


n‘ 

«2/ 



•Ar 


3 

2 + e«+£ aj ^ , 


« ^ A 

•^ice e* " = r=l,or 


= 8>Vl2«“ "+^“+f “j “) =«’ 

when a;=0, ?/=+e")=a,^. ^ ’ 


(X^ 

hence r= =a. 
a 
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The radius of curvature at the vertex is ecjual to 
the’constant a. 


Also 


a 

, I H~Q , rt 

You are now sutficiently* familiar with tliis type of 
proi)leiii to work out the. followin^^ exerciHC's by your¬ 
self. You a7’e advised to e1i('ck your afisw(?rs by 
careful plottinij of ibo curve and construction of tlie 
circle of curvature, as ex])lained in Example 4. 


Exerc\!<('» XX. (For Auswcts see p. 299.) 

(1) Find the radius of curvature and the position 

of the centre of curvature of the cuj’vc at the 

point for which a.' = 0. 

(2) Find the radius and the centre of curvature of 

( tX/ \ • * ^ 

--^1 j at the point for which x'=2. 

; (3) FinjJ tl^e point or points of curvatun; unity vi, 

the curve = * , • 

(4) Find the radius and the centre of curvature of 
the curve m, at ^le point for which uj = s/m. 

(5) Fi»^he rad^jfc^d the centre of curvature of 
the curve>|«^4aa? af point*for which .x* —0. 

(6) FinKhe radius and the centre of curvature of 
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the curve y = a^ at the points for which ±0’9 and 
also A' = 0. 

(7) Find the radius of curvature and the coordi¬ 
nates of the centre of curvature of the curve 

«• * 

y — xr~x-\-2 

% 

at the two points for which x=0 and if = l, re¬ 
spectively. Find also the maximum or minimum 
value of y. Verify graphically all your results, 

(8) Find the radius of curvAture and the coordi¬ 
nates of the centre of curvature of the curve 

y — 0(f^—x—^ 

at the points for which a 7 = — 2, a‘ = 0, and x=h 

(9) Find the coordinates of the point or points of 
inflexion of the curve y = 

(10) Find the radius of curvature and the coordi¬ 
nates of the centre of curvature of the curve 

at the points for which j;=l*2, 07 = 2 and o?=2'5. 
Wlvit is this curve ^ 

(11) Find the radius and the centre of curvature of 

the curve y — + at tile points for whi(jh 

'^• = 0, ir*=^-f 1'5. Find also th# position of the point 
of inflexion. 

(12) Find the radius and centre of curvature of 
the curve y=sin0 at the points for which d=j and 
0= Find the position of the point of inflexion. 
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(13) Draw a circle oi radius 3, the centre of which 
has for its coordinates £P~1, j/ — 0. Deduce the 
equation of such a circle from first principles (see 
p. 102). Find by calculation the radius of curvature 
and the coordinates of the centre of curvature for 
several suitable points, as accurately as pos8ibh‘, and 
verify that you get the known values. 

(14) Find the radius and centre of curvature af the 


• TT 

curve j/ = coa6 at the points for which 0 = 0, 0— 
and ^= 2 * 

(15) Find the radius of curvature and the centre of 

9 o 

curvature of the ellipse points for 

which x = 0 and at the points for which y = 0. 



CPIAPTER XXril. 


HOW TO FIND THE LENGTH OF AN ARC ON 
. A CURVE. 


SiNCK ail arc on any curve is made up of a lot of 
little bits ofi straicjlit lines joined end to end, if we 
could add all tliose little bits, we would get tlie 
lcn<rth of the arc. But we have soon tliat to add a 
lot of little bits together is j)nicisol 3 '’ what is called 




<b) 


Fig. 66. 


• fc T 


integration, so that it is likelyflpit, since know 
how to integrate, we can find afflo the len^E of an 
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arc on any curve, provide! that the ^uation o£ the 
curve is such that it lend itself to nitesraaon. 

It Mif is an arc on any curve, the lenf.th s 

which is recjuired (see 1 h 11 x ’ 

bit '■ of the arc (h, then we see at once that 

(*)- = «'/)”. 

or either ^ _ 

,/s=,ji+('5p'W O’-. 

Now llie arc MN is made up <>[ (he sa.n pf all the 
dittle bits <h between M and N, that >s, ^otwee a, 
and ,e,. or iK-tween ,,, and y,, so that we bu-t - -(her 

j j-i 

Sesreond integral is useful when there are several 
points of the enrve corresponding to the given values 
of ,e (as in Fig mh). In this case the integral .e vv ejn 

x, and a, leaves a doubt as to the n.ay’ " 

curve the length of .which is required. H may 
ST instead of MN, or SQ: by integrating 
u, Ih unce’-tw’”-/ " removed, and in tins u. 

one'shoutd.use the second integral. • _ 

If instead of x aii<l y coordinates.-or CarUsian 

« a., ... ™", 


-- 

have r a#d e cool 
p. 219); then, if “ 


idtes (or pSlar coordinates, see 
be a small arc of length ds on 

Ak 
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< ■ * 

any curve, the length s of n'hich is required (see 
Fig. 67), 0 being the pole, then the distance ON will 
generally differ from OM by a small amount dr. If 
the small angle MON is tailed dd, then, the polar 
coordinates of the point M being 6 and r, those of N 
are (6+c?0) and (r-^-dr). Let MP be perpendicular 



to ONy and lot OR^OM] then RN=dr, and this 
is very nearly the same as PN, as long as dO is 
a very small angle. Also RM==rd6y and RM is 
very nearly equal to PM, and the arc MN is very 
neaily equal to the chord MN. ^ In fact we can write 
PN=dr, PM==rd6, and arc chord MN with- 
put«appreciable error, so that we have: 

{dsf =i (chord MNf = PN^+ PM^ =djA+rW. 


Dividing by d^ we 
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hence, since tlie ’length is made up of the sum of all 
the little bits (h, between values of d = Oj and 0 = 62* 
we have 

We can procecfl at once to work out a few examples. 

Exa^nph 1 . The equation of a* circle, the centre of 
which is at the origin—or intersection of the axis of 
X with the axis of ij —is find the length 

of an arc of one quadrant. 

and 2ydy^—2x(lj\ so that 

hence 

Jljid since y^ = r^—x\ 

“ f V(^+J a-7 

The length we want—one quadrant—extends from 

a-point for which a7=0 to another point; for w^hich 

x=r. We express tAis by writing 

« 

rdx 


B 


=f; 


io 

or, more simply, by writing 

rdx; 

the 0 and r to the right of the sign of integration 


B 


i: 
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merely meaning that tlie integration is only to be 
pei-fonaed qn a portion oi the curve, namely that 
between x' = 0, x — r, as we have seen (p. 210). 

Here is a fresh integral for you ! (Jan you manage 
it ? ' 

On p. 171 we have diilhrentiated y/ = arc (sina'.’) and 

If you have tried all sorts of 

variation.s of the given examples (as you ought to 
hav(‘ (lone!), you perhaps tried to ditFerentiate some¬ 
thing like ?/ = « arc ^sin^^, which gave 


found - 

. (lx 


(lx 


a 




or 


(hj = 


a dx 


s/((l^~X^* 


that is, just the same expression as the one we have 
to integrate here. 


Hence ^ 


=1 


r dx 


J{f^-~x-) 


fr = r arc 


(sm'^) + C, 


C beine a 


constant. 

As the intogrriion is only to be made between 
^='\) and aJ = r, we write » 


s 




proceeding tlien as explained in Example (1), p. 211, 

in-)-(7, 

r/ 


we get 


5 =rare ism 
\ r 


")+(7—rare! sin 
\ r/ 
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since‘arc(sin 1) is 90° or J *wid arft'(sin 0) is zero, and 
the constant G disappears, as has been shown. 

s 

^ ttit 

The length of the (juadrant is therefore and 
the length of the circumference, being four times this 
18 4 X = 27r/*. 


Exavvplp 2. Find the length of the arc AB between 



Fig. 08 . 


Here, prooeeding as in previous example, 
«=|^rarcsin(~^ + (7j =j^6arcBin^|^ + C ^ 

= 6 j^arc sin —arc sin Q j=6 (0-98.50 - 0-3.397) 

= 3*8718 inches (the arcs being expressed in radians). 
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It is always well to check results obtained by a 
new ^nd yet. unfamiliar method. This is easy, for 

cosAOA^=J=^ and cos BOX= I; 

hence • AOX=70'’32', BOX = 33’3i', 

and AOX-BOJ=AOB=36°58' 

radian=0’6451 radian = 3’870fi inches, 

f) I *42yoo 

the discrepancy being merely due to the fact that the 
last decin^al ivi logarithmic and trigonometrical tables 
is only approximate. 


Example S. Find the length of an arc of the curve 




between a:=0 and a;=a. (This curve is the catenary.) 

/ 1/ ? 
c=2T-® ')• 


a a dy 1 



I X 


1 f r ^ ^ 


Now 


X X 

ea"o = 6® = l, SO that s 


-lU 


2-be« cfojr 

r X 


we r 4 in replace 2 by 2 x 6^= 2 x e®’®; then 



Si;. ■ ■ 
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■ 8=^1 €«*-f 2e»"» + € 

Here * = 

and *~2(®”6) 

4 A curve ie such that, the length of the 
Jixanifi. *■ p ^0 the 

tangent at any point i' (see rig ; 



"■“"t'r; r; “s - "“ *»- 

A«. <..8, w»~« «» 

and y = l- a g 

C.M.E. 
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We shall take the fiKed li^e for Ihe axis of a?. 
Tlie point P, with 30 = n, is a point on the curve, 
which must be tangent to 01) at 7). We take 03 
as the axis of //; AB and*03 are what are called 
axes of symmetry, that is, the curve is symmetrical 
about them , FT—a, PN—y^ ON=x. 

If we consider a small portion ds of the curve, at 


P. tbon sin (minus because the curve 

as 


a 


slopes downwards to the right, see p. 79) 

f 

Tr J J 

Hence .-=—, as——a— and 8 =—a\~. 

>i'ii y y iy 


that is, s— — alog*y + (7. 


When X - 0, s = 0, y =rt, so that 0 = — a log, a-h C, 
an<l t> = alog,o. 

It follows that « = a log, a—a\og,y=a log, - • 

if 

When a = »3, 8 between y—a and 2 /=l is therefore 

«= 3 [log. 5 j’ -3 (log, 1 - log, 3)=3 X (0 -1-0986) , 

' = - 3-296 or 3-296, 
,^aa the sign — refers merely to the directiqn in which 
the length uvas measured, frodi D to P, or from P 
to D, 

Note that this result has been obtained without a 
knowledge of the equation of the curve. This is 
sometimes possible. In order to get the length of an 
arc between two points given by their abscissae, how- 
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• • 

ever» it is necessary to know the ecyiation of the curve; 
this is easily obtained as follows 






= —tan 0 


y 


—sincc PT^a) 

y 

The iiite^ation will giva us a relation betvieei* 
and y, which is the equation of th<* curve 


hence 


dx 


X 


To integrate 

^y 1 i 1 .1 dy 1 y. 

-- —let v= , then -/=— 5 = —' > 

dy___ <1^ 

y~ - 

f dz 

To integrate 

this let s/o'*z^~-\=v — (iz, that is, 

—1 = < 1 ^“^ - 2a?’» 

and 0 = 2 v dv — 2 a 2 ; dv — 2av dz, 


fto that 


from which dz=^ -*€?^^ so that, replacing, we get 


av 


f dz tv—az 1 j 

j ^v-az ^ 


lt{dv* 1 
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f 


so that + 

,Now, for 

f ' let s= then dz=--ji^L=-, 

J V a“ —y^ V i'r 

hence 

«f - = — ^dz^—z= — s/a‘^—y^-\-Q 

j^a^—y^ J 

We have then, finally, 


2‘ 


X — a loff 




«+^Z:r_v«*-r^+c. 

y 


When .r = 0, //=a, so that 0-« log,! — O+C, and 
(7=0; the equation of the tractrix is therefore 

1 a-\-\/d^ — ‘if f-r, -^ ‘ ^ 

x — a log,--— s/a^— ir • 

y 


If a = 3, aa before, and if the length of the arc from 
£t? = 0 to u} = l is required, it is not an easy matter to 
calculate the valpc of y corresponding to any given 
numerical value of x. It is, l^owever, easy to find 
graphically an approximation as near the correct 
valiie as we desire, when we are given the value of 
a as follow^ * 

Plot the graph, giving suitable values to y, say 3, 
2, 1‘5, 1. From this graph, find what values of y 
correspond to the two given values of x determining 
the arc, the length df which is needed, as accurately 
as the scale of the graph allows. For aj=0, y=3 of 
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course; suppose that ior £c—1 you find y=r72 on 
the graph. This is only approximate? Now plot 
again, on as large a scale as possible, taking only 
three values of y, T6, 1*7* 1*8. On this second graph, 
which is nearly, but not quite a straight line, you 
will be probably able to read any value of y correct 
to three places of decimals, and, this is sufficient for 
our purpose. We find from the graph that ysfi 1*723 
corresponds to j';=l. Then 


s = 3 



x — l 
x=0 





=:3(log, 1*741-())=] *00. 


If we wanted a more accurate value of y we could 
plot a third graph, taking for values of y 1*722, 1*723, 
•l*f24, ...; this w’ould give us, correct to five places of 
docimals, the value of y corresponding to j'*=l, and 
so on, till the required accuracy is reached. 


Examplp 5. Find tlie length of an arc of the 
logarithmic spiral r = hetw'cen d=0 and ^=1 radian. 

Do you remembef differentiating y—^’i It is an 
easy one to remember, for it remains always the same 

whatever is* done to ik =s e* (see p. 143)^ 


dx 

Here, since r=€®, ~sse*=r. 


If we reverse the process and integrate | ^dB we 
get back to r + C, the constant C being always intro- 
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duced by sucli a prcxjess, as Y/e have seen in Chap. 

xvu. 

-It. follows that 

= -s/2 f r de= j = J-i (£*+ C). 


Intcfjrating between the two given values 0=0 
and 0=1, we get 

= ^/2e'- V2e'’= V2(6-1) 

= 1-41 X1-713 = 2-42 inches, 
since r = inch when 0 = 0. 


Example 6. Find the length of an arc of the'^ 
logarithmic spiral r = €® between 0 = 0 and 0 = 0i. 

As we have just seen, 

„ #=*/2j Vc70=v/2[s«.-e'’] = >/2(e».-l)- • 


Example 7. As a last example ‘let us work fully a 
case leading to a typical integration which will be 
found usefuf for several of the exercises found at the 
end of this chapter. Let us find the expression for ' 

the length of an arc of the curve y = * 

tf L 
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then 


Integrate this by parts: let 

M = -v/l + (^ar and dt = dv ; 

a^j' tlx 


X = r and du 


by the method of differentiation e\.plaincd in Chap. IX. 

Since = —|r </^f (see p. 22()), we have 

r * ( dx • 

J s/l + dx=x %/\\-J ^^' 

Also, wc can write 

hence 

• 'Adding (1) and (2) wc get 

2 or x^ dx = xs/^ + (i^ x^ + [—r . 

dx 

^ -v/1 -f a‘£c% 

let Vl + = 17 —rV* ’ * * 

1 + ix^x^ = tf-i2(xvx' + o'x"^ or 1 — - 2at\i\ 

Differentiating thi.s,Ji /0 get rid of the constant, we get 

0^2iidt^—2avdx—2axdv or wodx-^df^—axdv\ 

L-i L • 1 {v--ax)dv I . . f dx 

that IS <fa! = !- ; replacing in r „ we 

obtain Wl+«^ 

f {T-‘(m)dv _1 Uxj—ax) ^v_ 1 


(3) 

.7 V J +av“' 

Remains to integrate | for this purpose, 
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//t* 1 j - - , 

hence -y-=-p-Y-- 5 =;-log.(«a!;+-v/l+rt®a:!=^. 

^ Replacing in (3) and dividing by 2 we get, finally, 

• s — |-v/ i -f dx 

= ‘I n/1 + + }- +Vl + d“X-\ 

whicti can easily be caVcuhibed between any given 
liini t-s. 

You ou^lit. now to be able to attempt with success 
the following exercises. You will find it interesting' 
as well as instructive to plot the curves and verify 
your results by moasurement whore possible. 

The intogi-ation i.s usually of the kind sliown on 
p. 228, Ex. (5), or p. 229, Ex. (1), or p. 278, Ex. (7). 


Exercims XXL (For Answers, see p. 300.) 

(1) Find the length of the line y/ = 3it;4-2 between 
the two points for which a7= 1 and ir = 4. 

(2) Find the length of the line ;// = a.r+?> behveen 

the'two points for which acid a?= — 1. 


(3) Find the length of the curve between 

the two points for which a 7 = 0 <and j?=l. ' 

(4) Find tlie length of the curve between the 
two points for which x=0 and a? = 2. 

(5) Find the length of the curve y^vftx^ between 


the two points for which a?=0 and x 


2m' 


■\ 
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(6) Find the lengtl| of the cu^-ves r=a cos 0 and 
r=a8ind between O — dj and $ = 62 - 

(7) Find the length of the curve r —a seed. 

(8) Fiud,tl)e length of the arc of tlic cur'^c y^=^ax 
between x~0 and x = a. 

(9) Find the length of the arc of the curve 



between x =0 and a? —4?. 

(10) Find tlie length of the arc of the curve y = e* 
between a’ = 0 and a,‘=l. 

(Note. This curve is in rectangular coordinates* 
and is not the same curve as the logarithmic (Spiral 
r = €^ which is in polar coordinates. The two equa¬ 
tions are similar, but the (;urveH are quite ditierent) 

(11) A curve is such that the coordinates of a point 
on it are a; = a(d—sind) and j/ = a(l-~coB0), 6 Ixdng 
a certain angle which varies between 0 and 27r. Find 
the length of the curve. (It is called a cydoid ) 

(12) Find the len/jth of an arc of the curve 

between a?=0 arid* x = ~- 

(13) Fihd the expression for the lengtfi o{ an arc of 

the curve ?/=— • 
a 

(14) Find the length of the ctirve between 

the two points for which a?«l and 07 = 2. 
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(15) Find the lecigth of tha curve =■ 0 ,^ be¬ 

tween .r = 0*and = 

,(16) Find the length of the curve r = a(l-cosd) 
between ^ = 0 and 0 = 7r. * 


You have now been personally conducted over the 
frontiers into the enchanted land. And in order that 
you may have a handy niference to the principal 
results, the author, in bidding you farewell, begs to 
present yf>\\ ‘with a passport in the shape of a con¬ 
venient collection of standard forma (see pp. 286, 287).' 
In the middle column are set down a number of the 
functions which moat commonly occur. The results 
of differentiating them are set down on the left; the 
results of integrating them are set down on the right. 
May you find them useful I 



EPILOGUE AND APOLOGUE. 


It may be confidently assumed that when this 
. tractate “Calculus made Easy" falls into*the hands 
of the professional mathematicians, they will (if not 
too lazy) rise up as one man, and damn it as being a 
thoroughly bad book. Of that there can be,* from 
.their point of view, no possible manner of doubt 
. whatever. It commits several most grievous and 
deplorable errors. 

First, it shows how ridiculously easy most of the 
operations of the calculus really are, 

Secondly, it gives away so many trade secrets. By 
showing you that v'hit (Xfie fool *can do, other Jools 
can do also, it lets* you see that these mathematical 
swells, who pride*themselves on having masterei^such 
an awfully difficult subject as the calculus, liave no * 
such great reason to be puffed up. Th^.y like you to 
think how terribly difficult it is, and don’t want that 
superstition to be rudely dissipated. 

Thirdly, among the dreadfi^ things they will say 
about “ So Easy " is this: that there is an utter failure 
on the part of the author to demonstrate with rigid 
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And satisfactory coffnpleteness ,the validity of sundry 
methods which he has presented in simple fashion, 
.and lias even dared to use in solving problems I But 
why should he not? Yoil don’t forbid the use of 
a watch to every person who does not know how to 
make one ? You don't object to the musician playing 
on a violin that he has not liimself constructed. You 

i 

don’titoach the rules of syntax to children until they 
have already become fluent in the use of speech. It 
would be ecjually absurd to require general rigid 
demonstration.s to be expounded to beginners in the. 
calculus. 

One other thing will the professed mathematicians 
say about this thoroughly bad and vicious book: that 
the reason why it is so easy is because the author has 
left out all the things that are really dilBcult. AVid 
the ghastly fact about this accusation is that —it 
is true! That is, indeed, why the book has been 
written—written for the legion of innocents who have 
liitherto been deterred from acquiring the elements of 
the calculus by the stupid way in which its teaching 
is almost always presented. Anjf subject can be made 
repulsive by presenting it bristling, wdth difficulties. 
The aim of this book is to enj^ble beginrifers to learn 
its langufibgefto acquire familiarity with its'endearing 
.simplicities, and to grasp its powerful methods of 
solving problems, without being compelled to toil 
through the intricate out-of-the-way (and mostly 
irrelevant) mathematical gymnastics so dear to the 
.unpractical mathematician. ^ 
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9 

9 

There are athongst young engiueers a number on* 
whose ears the adage that whni one fool can do, 
another can, may fall with a familiar sgund. They 
arc earnestly requested • not to gi\e the author 
away, nor *to tell the mathematicians what a fool 
he really is. 



'table} of standard forms 


dy 

" > ' tt . ^ _-r- - 

-- f ■ _ _ ^ ■ 

d.r. 

■ V .. 

. tf. 



Algebra] 

ic. 

1 

X 

ir-H-a 

0 

a * 

ax-\-C 

1 ‘ 

x±a 

it-2±*a,K + (7 

a 

a.c 

C* 

2x 

£C® 

i.»y'+c 

• 

• X” 

t 

71 + 1 

-a?“® 

x~^ 

« 

log,a:+C 

dn ^ dv ^ dip 
dx “ dx ~ cUc * 

w ± I' ± »r 

^iidx±^vdbc±\wdx 

dv , du 

wv 

t 

No general form knowp 

du dv 

(iiC (Iv 

« 

V 

No general form known 

rf.i* i 

u 

ux-\xdu-¥C * j 


Exponential and Logarithmic. 


€* 

a:"* 

0-4343 xa“* 
^'log,a 

c* 

log, a 
logioir 

• a* 

€* + C7 

.i-(log,a-l)+C 1 

0-4343a(log,a-l)+C 

-- + (7 

4 * logert^ i 


Trigonometrical. » . 

# 

, cosa 

sin a 

-•oaa+C ^ ' 

- sin .t;* • 

cos a 

* siqa+C 

sec®a 

tan a 

-logeCosa+C? 


Circnlar (Inverse). 

1 

art sin a 

a*arc8in.a+'yi-a*+C 

1 

arccoea 

« 

a^arccosa-^/l-^a^+C 

.•S 

• 

1 

1+JC* 

are tana 

a • arc tan a 1 log«(l +a*)+ 0 














ANSWERS. 


Exerdfies I. (p 25.) 


(1) ^=“13c'® 


(3) 

(4) 



ro^-S”-''- 

<«> 

2aaf”*. 

■»'> 2->"‘ 

(10) 

m -2^ 

- X * < 

n 


Exercises IX (p. 33) 




(7) ^*=o-ooOot«x io- 

7^ ^ndle power p^ vow 







ei» ju 

3*“ ^I&Z 


jOE* ITflilW'' 



ANSWERS 


2(8^ 


,, V Rate of clivBgc of p when Maue«i D 
^ ^ Rate of c )i Aijgt of P Wlien IT\Hn&9 *** t * 

(11) 2t, 27rr, vl, ^vrhi Brr, 47rr® (12) 


tf/> OOOOOIS?^ 


Bxercifies III. (p. 46) 

V .4 

fj) (<*) 2 (c) 2a2+2cf, 




(^9 3fl[?“i*e«.TC+3a*, 

(») 


(3) 


'See. 


- WW - 2244^^*+8l92a;4-1379> 

- (0) 186 9022664a?»+154 36334. 




( 8 ) 


6ac^+6ii^+W 


wM 




(l+.C' 

(10) - 



®** (1 +at+5j9)8 7i, 

l«-0iS^1024), -0-00n7, -000107, -000007 
dX e \-kl 


T»it* *■< > *■ < !. I > 


[l>W24j!; 


^erases 17, (jp. 51) 

a2a(a+l) 

. • 4 > 

0) («) ^-^*+*+t*='+^ty 

a (c) 2, a (rf) 

V V.e. T 



;, 0 . 
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(2)-&, 0. ‘ (3)2,0. 

(4) 66440^-19e212a;=*-4488a3+»192. 

169320x2 - 392424X - 4488. 

(5) 2, 0. (6) 371-80453X, 371-80453. 

/ 7 \ 39 270 ^ 

^ ^ (3x+2)2’ '■(3x+2)4 

{Examples, p. 41): 

/,\ Off 6a /o\ 3a6b^a ISbs^a 

52- W ^4 "4^* 

n') - ^ ^">6 2*3232 

(4) 81 Oi* - 648<'»+479*52^2- 139 968^+26 64. 
3240^^-1944^’'*4-95904t- 139*968. 


(6) 12.X + 2, 12. (6) 6x=*-9x, 12x-9* 



f. 


Exercises V. (p. 64.) 

(2) 64 ; 147*2 ; and 0*32 feet per second 

(3) x^ci-Qt] x~-g. (4) 451 feet per second 

^ • 

(5) 12*4 feet per second per second. Yes. 

(6) Angular velocity=11*2 radians per ^ond ; angular ac* 

coloration=9 6 radians per second per second. 

(7) v—20*4^*-10*8. a=40*8t ITi 8 m./8ec., 122*4 in./sec^. 

... _ 1_ 1 

(9) „=0-8-^^^, 0-7926 and 000211. 

(10) ft«s2, ««11. 
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( 1 ) 
(4) 


Vjc^+1 

ax 


( 2 ) 


X 


/g? __ j, - - . 

2V(a+uj/ 

2a2 - a;2 • 


(5) 




V(a-JC2)3 '''' 

(R\ +g) - 4- g)] xyv 2ff(.r-ri) 

(.c*+a)^(aj^+a)^ (.**+«/ 

(8) h/’. . (9)’-?._ 


Exercises VII. (p. 75.) 


27(ia:>+Iy)'' 


( 2 ) 


ax 

dv 


12.r 


^ Vl + V2 + 3 jc'HV 3 + 4 Vl + ^2 •^rZx^Y 




.r V3+Jtr») 

¥*(^^*1)7' 


Exerfcises VIII. (p 91.) 

(2) 1-44. 

^4) ^= 3 j 3 ® 4-3 ; numerical valifea ar©< 

3, 3i, 6, and 15. 

(5) ±n/2. # 

c2i/ *4 5C ** * i 

c2x“'’9y‘ where a:=0; and is 

where a;=tl. 

(7) m«4, n» -3. 

(8) Intersections at a:“l, a;* -3. •Angles 153" 26', 2" 28'. 

(9) Intersection at a!=*3'67, y *3’57. Anglo 16* 16'. 

(10) a*J, y«2i, 6«-|. 
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Exercises IX. (j^. lOO.) 

(l) Min. : cc=0, |/=0; max.; x= -2, y= -4. 

{'2) x~a. (4) 2r)\^ square inches. 

(0) Max. for x= -1 ; min. for = 

(7) Join the middle points of tlic four sides. 

r jl 

(8) r-=llly T= g-, no max. 

u 

(9) r=R^J^ /-0-850(jjft 


^2’ 

8 


(10) At the rate of ~ square feet per second. 


(11) r- 


K-J» 


( 12 ) — 


Exercises X. (p. 118 .) 

(1) Max,; x= -219, |/ = 2419 ; min.: a: = l-52, |/= -1*38. 

(2) .• ‘imiximum). 

(3) {a) One tua.xiiiiiim and two minima. 

One maximum. (.c=0; otlier unreal.) 

(4) Min.: a;®*!*?!, j/—6’14. (5) Max: aca=-'5. |/=4. 

(6) 'ldax.: ,'k=V414, = 17675. 

Min.: aT=-1-414, 2 /--17675.® 

(7) Max.: x= -3-56,5, |/ = 2*12. 

Min.: as— +3'r>65, |/=7*88. 

(8) 0'4iV; 0-6.V. (9)a:='Vf' 

(10) Speed 8*66 nautical miles per hour. Time taken 116*47hours. 
Minimum cost £112. 12«. i 
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• t 

(11X Max, and •min, for x=7'!), |/=i5*414, (See example 
no. 10, p. 72.) * 

(12) Min.: ;c==i, 2/-0-25 ; max.; - J, y^]-408. 


a;-3''’a:+4’ 


Exercises XI. (p. 130.) 

W.,ri+,7r,- 


.7^3+.dr4- 


,5 4 10 * 22 

.tT-l - x~3' r3(lt* + 3) " 13(iur-2)' 


(6) -r I 

• ' X - 2 .n — 3 X - 4 

1 11 1 
6<.b -l)'^U>C<-+2)'^10(.<!-.3y 

' ' a(ae+l) fl3(:ii;-2) 7(2.0+!) 


(9) 


1 2,r + l 

. -V I 


3(03-1) 3(,eHa3 + iy 


2 

■3(cT + l)'^3(.r-'- .r-fl)’ 


^ ^ .'T+l :r‘+.x^ + l' 


^_1 j 2 


(13) 


1 


1 1 

i+TTT"." 


4 (.«-'])" 4 (.1! +1) "^ 2 (.*: +1 / 

M,., _£_ _ 4 1 _ 

^ ^ 9(.ir-i) 9('i1^'“3U* + 2)2‘ 

^_^ 


05)- 


03+2 ,ai^+jc+l (x'M'.x + l)^ 


( 16 ) .i--_.. 


aj+4 (u:+4y* (o:+4)^' 


(17) 

(18) * 


+ 


55 




73 


9(3x - 2)*^9(ar - 2)* ^ 9(3a; - 2j^' 

11 X 

6(a;-2)■^3(03-2)2 6(^-l-2a;-f4)' 
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( 1 ) ab(^+€'^). 

(Fj 


Exercises XII, (p. 153.) 

0 

(2) 2a^+|. 

(e; ^ 


( 7 ) 

( 9 ) 


3€"* 1 

{X- If 


l--lf>g.(.■«+3) 

" {x+Zf~ ■ 


(3) log.n. 


(B) 6.'C€-®*-5(3a;2 + l)€-6*. 
(10) 


2^3; 

(12) a*(a.'c®“*+£c*log.a). 
(14) Min. . i/=0*7 for a3« 0*694. 


(15) 


1 +x 

X 


(16) 


Exercises XIII. (p. 162.) 

(1) Let -yss X t=^x)y and use the Table on page 159. 

(2) !r!=34‘627 ; 159-46 minutes. 

(3) Take H~x\ and use the Table on page 159. 

(5) (a) a3*(l+logea;y; (5) 2a:'(€*)* ; (c)^^y a3*(l+log«a;). 

(6) 0T4 second. (7) {a) 1*642; ^6) 16*58. 

(8> >2=0*00037, 31«i. 

(9) i is 63*4 % 9 f io, 221*66 kilometeA. • 

(10) Working as accui-ately as possible witii a table of four-figure 

logarithms, i-—0*1339, 0*1445, 0*1653, m6ana»0‘1446; 
percentage errors 10*2 %, practically nil, 4^ "9%. 

(11) Min. for (12) Max. for a;=a | 

(13) Min. fora;»log«a. 
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Exercises XTV. (p. 173.) 

(l)(i)|^=^ 00,(0--). 

(ii) ^^ = 2«iin ^cos5=8itt20 and ^ = 2cos26>; 

(ni) ^-3sin2^cos^ and ^ -3 cos 3^. 
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(2) ^«45“ or ^ radians. 

(4) a* log, a cos a* 

(6) 18*2 cos (.c+26“). 


~ ^ 2imt, 

• ^5\ ^ _ fa*) X 

\0 I vMlI « 0 . 

COH .C 


(7) The slope la = 100 cos (6^-15°), which is a maximum 

when (0-15“)=O, oi 6^-15*, the value of the slope 
being then =100 When the slope is * 

100 cos (75“ -16“)= 100 tos 60“ = 100 x ^ = 60 

m 

(8) cos Bin 2^+2 cos 20 am ^ = 2 Bin 0 (cos® 0 +cos 20 ) 

—2 sin 0(3 cos^ 6^-1) 

(9) amnOr~^ tan( 0^) sec® 0". 

(10) c*(sin*a;+sin 2a;); €*(8in®a;+2 sin 2aj+2 cos 2a*). 

(12) (i) ^“seca^no;; 

(ii) -.- JL=T (in) 

' ctx ^ l+.r® 


tim\ % _^ ^ \ ^^l^ecx(3Bec®a;~1) 

^ '3* 2 


*4*6(2^+3)'*cog (2^+3)?«. 
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(14) ^|-35=+3cos(l9+3)-log.3(co8^x3>*”»'+3«). 

(16) 0=cot 0] 9= ± 0-80; ]/== ± 0-56; is max. for + 0, min. for - 6 . 


* Exercises XV. (p. 180.1 « 

(1) .X* - (iX^y - 2|/2 ; J ~ 2.v^ - 4xy. 

(2) '2xyz + y^z + z'^y + '■2.vy'-z “; 

2xjjz + x^z ++ '2.v^yz ~; 

2xyz + x-y + xy^ + 2x“yh .' 

.... li/ Tx./ M'(x+j/ + .:)-(a+ 6 +c). 2 

(3) -{(x~rr)+(?y-?>) + (ir-C;l='- ^ -M 

' I 

(I) dy~ r’ iv^'kln Jr. 

(r>) Jj/ = .3 sin r fjJu + ?^^co.s d r, 

(/ sin .n“"‘o<).s.r J.c + (siu .i’)“log,sin.x Jtt, 

du ^ “ du - log.tt dr. 

(7) Miiiiiiiiiiii for x — y --~h. » 

( 8 ) (fl) Lcngtl) 2 feet, width —cle]>tli = l fo(»t, vol. — 2 cubic 

feet, 

(/>) Kadius - feet = 7*46 in., length = 2 feet, vo]. = 2 ' 54 . 

( 9 ) All throe parts ofpial ; the product is luaximum. 

( 10 ) j)tinimuru =r for .t=j/ = 1 . 

(II) Minimum ~2'307 for a;=J, j/®2. 

( 12 )r*Vrigle at apex —'.X)”; equal sides^leng^^vFF. 


Exercises XVI. (p. 190.) 
(1) IJ. (2) 0 6344. (3) 0*2624. 

(4) (<t) ; (6)^i/«sma:+C. 

(5) y«a:®+3x+C. 
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(2) -.^+C'- 


(3) 


.(ft) -2.t'* + C’. 


+ + c. 

1 + i» ^ l(i 


0) 3 - + ^- 

(4) Joj^ + cuc + C. 

( 6 ) + 

/ax v-/,4 bv division. Tlunnfoiv th.j auHwer 

is y - ax + i(r H* a) log?(-‘' + n) f (’• 

, (Soe pagos 15U) and 201.) 

-yvl „ iii ., , 1 /'I' '- I-"” •.>■" - t (/ 

(9^ ^+;u*^-f J .r--|-2<a + c. U'V 3 ’ *j • 


(U) n“(2.K5 + S;4) + C. 

0 sin2/j0 ^ 

03 ) i+- 4 a 

( 15 ) 

(17) log<(l+ac) + C. 


( 12 ) - ?i <-*os 6 ^ - 

f), i^\U‘20 f-y 

u4).;-— 4 —+'-■ 
(IG) 

(18) -- ~x)+C. 


Exercises XVIII. (p. 224.) 

(1). Area=-G0 ; meJin ordinate = 10. 

<2) Arca = § of ^ 

(3) Area=2; meajj ordinate =-=0 037. 


h 


(4) Area =*1*57 ; mean ordinaU^ = 0 5. 

0-572,• 00476. “Volumeg 

(1) 1-25. <8) 79-6- 

(9) Volume *4-9348 ; (from 0 to ir>.e 


(10)tilog,a, -^log.a. 

(12)-Arithmetical mean *9*5^; quadratic mean = 10 85. 
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I 

(l3) Quadratic mean=~_ . arithmetical mean=0. 

The first ifivolves a somewhat difficult integral, and may be 
stated thus : By definition the quadratic mean will be 


jsin.c+-/43sin 3x)'^dx. 


Now the integration indicated by 
JiAi^ma‘x+ 2AyAna\n jr sin 3a3+^3®sin®3a;)da: 
is more readily obtained if for sin^o; we write 


1 - cos 2.r 
‘ 2 


For 2 sin x sin 3x we write cos 2x - cos 4a;; and, for ain^So;, 

1 — cos Ox 
2 


Making these substitutions, and integrating, we get (see 
p. 20:i) 

A,*/ sin 6.i;\ 

~r 


A 

2 


Li^/ ain2.r\ . . (sm2x 8in4n;\,A,*/ 


At the lower limit the substitution of 0 for x causes all 
this to vanish, whilst at the upper limit the substitu¬ 
tion of 2Tr for a; gives AiV+AjV. And hence the 
answ'er follows. 

t 

(14) Area is 62*6 scjuare units. Mean qj|i#Rate is 10*42. 

(16) 436*3. (This solid is pear shaped.) 


• Exercise XIX. 

(1) *i^E^+^gin-i5+C. 


^ 233.) 

(2)‘^(iog.*-i)+a 


(5) 8in(log,a;)+Cr 



(4) sine*4*C. 

(6) <*(a;*-2ar+2)+a, 
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( 7 ) ^(log. + C. ^ (^) ^ 

(9) 2log,(a;-l)+3log.(.T + 2)+C. 

(10) i log, (a; -1)+^ log, {X - 2^+ ^ log, (a;+3) + C.^ 

01) ~ log,*—+ C. (12) log/^-} + 

(13) J log, +* arc tan X + C. 

>i\ * . (jjet then, in the result, 

(14) ^log,- V. X 

let ^ /(I* — -^ss v — 

You had better diflferentiate now the answer and work 
back to the given expression as a check. 

Exercises XX. (p- 263.) 

m r=2v^, *.= -2, 1/1 = 3 (2) r=2 S3, ai.=0, ^,=2. 

'(3) a;= i 0-383, |/=0*147. (4) '/’="2, £r, = l/j = 2N m. 

(6) r=2o, .'«:,=2a+3a:, j/, = when a:=0> V>=0- 

(6) Whenac=0, r=i/,-intimty, x,=0. 

When a;=+0*9, r=3*36, .^ 1 =-2*21 ,* 7 /,=+2 01. 

• When £C=» -0*9r^3-«36, a;i= +2*21, y= -'S OI. 

(7) Whenx^O, r^l-41, a;i«l> l/i=3- 
When;^=^ 

Minimum ^1*76. • ttm 

(8) Fora:*--2, r=n2'3, as^lOQ-^ |h=-ir2. 

Fora:“0, r=a;|=l/i=i“®'“*'y- 
Fora:=l, r=l-R6, a!,= -0'e7, j^m-O-V. 

(9) !C=-0-33, V-+1’®*- 

(10) ii=l, x~3i t/=0 fo*- al’ P®*"**- 

( 11 ) Whenx=0i r=i e6, a:,=l'e7. 

-When*=1-8, r=0-365,^,=l-69, j/,=0-98. 

^— 7 ^ for zero curvature. 
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(12) Wheu (1 = ^, r=l, i/i-O. 

« 

When V r--2'5y8, a;, = 2'280, j/,= -r41. 

i 

(U) When.tf^O, r=.-l, .i;,=0, j/,=0. 

When (1--^, •r«2-598, .r,=0-7146, J/,= -l-41. 
4 

Wliwi 0 r=.ri^l/i-'-inriiiity. 

(ID) i 




(1) s--o-ia 


Exercise XXI. (p. 280 .) 

(2) 8-(l-fa‘0^ (.“J) .Sf-r2l. 


( 4 ) - ( Vl + 4 .r'-'r/'.t;=^rDN^l + UHilog,( 2 ;c + \ 1 + 4 a;'o] 


-- i (U. 
,.v o:.T 
' ' m 


(61 K = a{fh- f^i). ( 7 ) s= -jr^- <iX 


(H){(=( V’ + -(i,r and «=ON^+alog,(l+V2). 


(0) ,s^ -7)3+1 + i log, {(oc -1)+Vl.-c-lF+i) and 


s= 6 ' 80 . 


(ip) [-A=^+[44^--. Let j/ki in the first and 
(v/l+l/^atv® in thtf second; tliia leads to 
S*sA/r+y3ej-iog, ^*®2’00. 

(11) 8=2aJ &iu^dd and 8-8(n, 
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( 12 ) 


“s =vCr — 4- ~ (^\/x + -v + ^ 


and 


6'^ 




4^4 


Jogc (I +n^2). 


(13) .s = |"|l + 



tl 

9 


(14) S= /,' + 18.r c?:«. Let 1 + 18.r!=sr, express S in UiriHH of z 

and integrate between tbe values of z eorrertppmling 
to X ~ 1 and X-- 2. ## = rr27. 


(16) 8 = y. (16) 4(t. 

Erery earnest student is exhorted to inannfUcture more 
examples for himself at every stage, so as ti) test his powers. 
When Integrating he can always test his answ'er by difler- 
entiating it, to see whether he gets l>ack the expression from 
w'hich he started. 

‘ There are lots of bcibliB wliieli give examples for practice. 
Tt will suffice here to name two ; It. G. Blaine’s 77ie Calndvf 
and its AppUcationSf and F. M. Saxelby’s A Course i7i Practical 
Mathematics. 









